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Abstract Hydrocephalus is a neurological disease which occurs when normal cere-
brospinal fluid (CSF) circulation is impeded within the cranial cavity. As a result,
the brain ventricles enlarge, and the tissue compresses, causing physical and men-
tal problems. Treatment has been mainly through CSF flow diversion by surgically
implanting a CSF shunt in the brain ventricles or by performing an endoscopic third
ventriculostomy (ETV). However, the patient response to either treatment continues
to be poor. Therefore, there is an urgent need to design better therapy protocols for
hydrocephalus. An important step in this direction is the development of predic-
tive computational models of the mechanics of hydrocephalic brains. In this paper,
we propose a combined level set/mesh warping algorithm to track the evolution
of the ventricles in the hydrocephalic brain. Our combined level set/mesh warping
method is successfully used to track the evolution of the brain ventricles in two
hydrocephalic patients.

1 Introduction

Hydrocephalus (also called water on the brain) is a serious neurological disorder
which occurs when normal cerebrospinal fluid (CSF) circulation is impeded within
the cranial cavity. If hydrocephalus develops in infancy, the intracranial pressure is
raised, and, as the CSF accumulates in the ventricles, the brain tissue compresses,
and both the ventricles and the skull expand. The most common cause of infan-
tile hydrocephalus in the U.S. is hemorrhage in the neonatal period, particularly in
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premature infants [13]. With approximately four million births occurring annually
in the U.S., it is estimated that about 20%-74% of the approximately 50,000 very-
low-birth-weight infants born yearly will develop post-hemorrhagic hydrocephalus.
On the other hand, in the Sub-Saharan Africa which has one of the world’s greatest
disease burdens of bacterial meningitis, post-infections hydrocephalus is the most
common form of infantile hydrocephalus with more than 100,000 cases arising each
year.

The treatment of hydrocephalus is based on CSF flow diversion. The dilation
of the ventricles can be reversed by either CSF shunt implantation or by perform-
ing an endoscopic third ventriculostomy (ETV) surgery, resulting in a relief from the
symptoms of hydrocephalus. Despite the technical advances in shunt technology and
endoscopy, the two treatment options display no statistically significant difference
in the efficacy for treating hydrocephalus [83]. Endoscopic third ventriculostomy
works well only in appropriately selected clinical cases of hydrocephalus [11],
whereas shunt failure occurs in over 60% of patients [29]. Considering that many
shunt recipients are children, and that shunts are lifelong commitments, these statis-
tics underscore the importance of improving therapy. Furthermore, the postopera-
tive persistence of the ventricular dilation constitutes a diagnostic limit for verify-
ing the adequate functioning of ventriculostomy procedures in comparison with the
treatment based on the placement of CSF shunt devices [13]. Therefore, there is an
earnest need to design better therapy protocols for hydrocephalus.

An important step in this direction is the development of predictive mathemat-
ical and computational models of the mechanics of hydrocephalic brains. Many
mathematical models have been proposed to explore the pathophysiology of hy-
drocephalus. The Monro-Kellie hypothesis [34, 49] simplifies the dynamics of the
cranium to an underlying competition for space between CSF, blood, and brain
parenchyma. This idea leads to numerous pressure-volume models where the CSF
is contained within one compartment surrounded by compliant walls representing
the brain parenchyma. These time-dependent models [16, 42, 78] (and references
therein) are incapable of representing the complex dynamics of the cranium and
provide little insight towards a more fundamental understanding of the development
of hydrocephalus. Hakim [23] introduced a mechanical model describing the brain
parenchyma as a porous sponge of viscoelastic material that compressed due to a
pressure gradient causing the sponge cells to collapse. Nagashima [51] extended
this model by applying Biot’s theory of consolidation [7] and carried out simula-
tions of the resulting mathematical model using the finite element method. This
introduced one of the two current approaches to modeling the biomechanics of the
brain parenchyma, namely the poroelastic model [32, 59, 79, 82, 84], in which the
brain is considered to be a porous linearly elastic sponge saturated in a viscous in-
compressible fluid. These models account for the interaction of CSF with the brain
parenchyma and thus can be used to model long-time scale phenomena such as the
development of hydrocephalus. The second main approach is to model the brain
parenchyma as a linear viscoelastic material [44, 45, 46, 88, 90]. Both linear vis-
coelastic and poroelastic models are based on the assumption of small strain theory
which means that they are capable of predicting only small deformations. To cor-
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rectly model the large deformations seen in hydrocephalus, nonlinear material laws
are required and such models for brain parenchyma have been recently proposed
in [14, 21]. These models are able to successfully predict the large ventricular dis-
placements seen in hydrocephalus. However, most of the above mentioned mechan-
ical models suffer from the assumption that the brain’s geometry is either a cylinder
or a sphere.

In order for mechanical models of brain to be of clinical relevance their corre-
sponding computational algorithms and software must incorporate the anatomical
geometry of the brain as seen in medical images as well as efficient and robust
numerical solvers. Therefore, the aim of our paper is to propose an elegant com-
putational approach that combines medical image processing, level set methods
and moving meshes to simulate the mechanical behavior of hydrocephalic brains
to treatments.

We propose a computational pipeline approach for evolution of the brain ven-
tricles involving the following steps: image denoising, image segmentation based a
threshold method, prediction of the ventricular boundaries via the level set method,
generation of computational meshes of the brain, mesh deformation based using
the finite element-based mesh warping (FEMWARP) method, and mesh quality im-
provement of the deformed meshes.

We review the literature in these areas in Section 2. We give a general introduc-
tion to level set methods and mesh warping methods and describe the specific meth-
ods being used in our combined level set/mesh warping approach in Section 3. Our
comptuational pipeline approach for tracking the evolution of the brain ventricles
is given in Section 4. Simulation results for the evolution of the brain ventricles in
hydrocephalic patients post-treatment via shunt insertion are reported in Section 5.
Section 6 explains our conclusions and future research plans.

2 Generation of Dynamic Biomedical Computational Models
and Simulations

2.1 Generation of Image-Based Computational Models

Biomedical computational models which are derived from images are often cre-
ated by following a specific pipeline approach [12]: (1) image processing (2) sur-
face/volume mesh generation. Dynamic computational models also require the in-
clusion of a third step, i.e., (3) mesh motion. We highlight several of the existing
techniques in these four areas found in the literature. A comprehensive review is not
the focus of this section, as the literature is extensive; hence, we focus on the most
similar approaches to the proposed approaches.
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2.2 Image Segmentation

The image segmentation problem [64] is to partition an image into nonoverlapping
regions whose union is the entire image; each identified region shares a characteris-
tic such as image intensity or texture [24, 22, 56]. For segmentation of the image, it
is also important that each region be connected. (Pixel classification [35] is a related
problem whereby the constraint that each region be connected is removed. Although
this can sometimes be desirable in medical image analysis, we seek to determine a
classical segmentation of the image into regions as opposed to a discrete, pixel clas-
sification segmentation.) In medical image segmentation, each region would ideally
represent an anatomical structure.

There are numerous image segmentation techniques available to researchers to-
day. Popular approaches for medical image segmentation [64, 91, 40] include:
thresholding methods (e.g,. [66]), region growing methods (e.g., [27] and [28]),
classifier methods from pattern recognition (e.g., [6] and [2]), clustering methods
(e.g., [6]), Markov random field model methods (e.g., [25]), artificial neural network
approaches (e.g., [41]), deformable models (e.g., [33, 43, 68]), and atlas-guided ap-
proaches (e.g, [19, 69]).

Level-set methods (e.g., [68, 53, 54, 48, 1, 17, 52, 60, 87]) represent one very
popular deformable model approach that have been used extensively for image seg-
mentation and for other image processing problems, such as image registration. In
particular, the level set approach delineates region boundaries using closed paramet-
ric curves (or surfaces) that deform under the influence of a PDE; the problem is cast
as a front evolution problem. This front propagation approach is different from the
earlier energy minimization evolution approaches, such as snakes (e.g., [33, 43]).
The speed of the deformation is essential to the position of the final contours. Local
curvature of the contour, intensity gradient, shape, and position contours have all
been used for the speed term [68]. One important advantage of level set methods is
they permit easier handling of topological changes.

2.3 Mesh Generation

The classical approach for generating computational meshes from images that have
been segmented and registered has been to perform a surface interpolation between
the contours describing the segmented volume [18, 65, 67]. Often this is done us-
ing the marching cubes (MC) algorithm [39]. However, the regularized marching
tetrahedron (RMT) algorithm citetreece1999 yields topologically-consistent surface
meshes, whereas the MC method does not.

Computational biomedical meshes with tetrahedral [12, 20, 30, 81, 94, 37] or
hexahedral [47, 70, 86, 95] elements are typically created for finite element or finite
volume simulations based on the surface mesh input. Hybrid meshes [15, 58, 93]
have also been used when high accuracy is required but hexahedral mesh generation
is infeasible due to biomedical data complexity. Another possibility is to generate



Mesh Warping with the Level Set Method 5

a mesh based on the input of a level set [9]. Mesh optimization methods are used
to improve the quality of biomedical meshes [26, 38, 85]; only recently have such
techniques been designed for hydrid meshes [15].

2.4 Moving Meshes

Persson et al. [61, 63, 62, 80] developed a moving mesh technique based on the
incorporation of level sets into an adaptive mesh refinement technique. They ap-
plied their moving mesh technique to image-based problems [61, 62]. Despite the
fact that their applications involved a mesh, their algorithm does not compute the
motion based upon the mesh; rather the motion is computed based upon the use
of a Cartesian or octree background mesh and adaptive mesh refinement for mesh
density control.

Mesh warping algorithms compute the deformation of the mesh from the source
to the target domain based upon interpolation and/or extrapolation of the vertex
coordinates. Typically the topology of the mesh is held fixed in order to allow for
seamless integration with a numerical partial differential equation solver. Several
mesh warping techniques for biomedical applications have been developed [3, 5,
36, 75, 76, 77]. However, they cannot be used for the development of computational
models for tracking the evolution of the brain ventricles for hydrocephalus, as they
do not incorporate the physics of the brain deformation due to the disease or its
treatment.

Despite all of the research that has been performed in the areas of image pro-
cessing, level sets, and dynamic mesh generation, there is no algorithm or software
package which combines level sets with mesh warping. In addition, no such algo-
rithms have been developed for tracking the evolution of the brain ventricles pre-
and post-treatment of hydrocephalus.

3 Introduction to the Level Set Method and FEMWARP

In this section, we give an introduction to level set methods and mesh warping meth-
ods for applications with deforming domains. In addition, we describe the specific
level set and mesh warping methods used to develop our combined level set/mesh
warping approach in this paper. These methos are the energy minimization formula-
tion of the level set method due to Chan and Vese and the finite element-based mesh
warping (FEMWARP) method due to Shontz and Vavasis.
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3.1 Level Set Methods

In this section, we give an introduction to the level set method and describe the
particular level set method used in our work. The level set method is a numerical
technique for tracking evolving interfaces, shapes, curves, or surfaces. The level set
method was developed by Osher and Sethian in 1987 initially for problems in fluid
dynamics [55]. However, there has been a significant amount of research on level set
methods by numerous researchers, which has allowed for numerous extensions of
the method and its applications to numerous other fields. Two significant advantages
of level set methods are: (1) the deforming curve or shape need not be parametrized
and (2) deforming shapes undergoing topological changes can easily be tracked.
These advantages make the level set method ideal for tracking the evolution of the
ventricles of the hydrocephalic brain.

3.1.1 The Chan and Vese Level Set Method for Curve Evolution

Here we describe the basic level set method for curve evolution [55]. First we de-
fine some notation. Let Ω prescribe a bounded open subset of R2, with boundary
given by δΩ . Let u0 : Ω̄ → R denote a given image and C(s) : [0,1]→ R2 denote
a parametrized curve. In level set methods, implicit representation of the curve C
is given by a Lipschitz function φ . That is, C = {(x,y)|φ(x,y) = 0}. The zero-level
curve of the function at time t of the function φ(t,x,y) is used to evolve C. In order
to evolve the curve C, a speed and direction must be prescribed.

The level set method we use in this paper is due to Chan and Vese and evolves
the level set curve based on a level set formulation of an energy functional mini-
mization [10]. In particular, suppose that C ⊂ Ω is given by the zero level set of a
Lipschitz function φ : Ω → R satisfying the following properties:

C = ∂ω = {(x,y) ∈Ω : φ(x,y) = 0}
inside(C) = ω = {(x,y) ∈Ω : φ(x,y) > 0}
outside(C) = Ω\ω̄ = {(x,y) ∈Ω : φ(x,) < 0},

(1)

where C is the boundary of ω .
Let c1 and c2 denote constants depending on C which denote the averages of u0

inside and outside of C, respectively, and let F(c1,c2,φ) denote the energy func-
tional to be minimized. Furthermore, denote by µ ≥ 0,ν ≥ 0,λ1, and λ2 fixed pa-
rameters and by Hε and δε regularized Heaviside functions and one-dimensional
Dirac measures.

Then the regularized energy functional which is minimized to obtain the curve
evolution is defined as follows:
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Fε(c1,c2,φ) = µ
∫

Ω δε(φ(x,y))|∇φ(x,y)| dx dy
+ν

∫
Ω He(φ(x,y)) dx dy

+λ1
∫

Ω |u0(x,y)− c1|2 Hε(φ(x,y)) dx dy
+λ2

∫
Ω |u0(x,y)− c2|2 (1−Hε(φ(x,y))) dx dy.

(2)

Letting φ(0,x,y) = φ0(x,y) denote the initial contour, then the speed of the level
set is given by

∂φ
∂ t = δε(φ)

[
µdiv

(
∇φ
|∇φ |

)
−ν−λ1(u0− c1)2 +λ2(u0− c2)2

]
= 0 in (0,∞)×Ω ,

φ(0,x,y) = φ0(x,y) in Ω ,
δε (φ)
|∇φ |

∂φ
∂n = 0 on ∂Ω ,

(3)

where n denotes the exterior normal boundary ∂Ω , and ∂φ/∂n denotes the normal
derivative of φ at the boundary. More details are given in [10].

We solve the energy minimization formulation of the level set method for the
curve evolution given by (2) and (3) using the Matlab implementation by Wu in [92].

3.2 Mesh Warping Methods

In this section, we describe mesh warping techniques for biomedical applications
and the three-step finite element-based mesh warping (FEMWARP) method (see,
e.g., [4]). Mesh warping methods are numerical techniques for deforming a mesh
from a source to a target domain. Such techniques are needed when the geometric
domain of interest deforms of a function of time, and the mesh must be updated at
each time step in response to the deforming domain boundary in order for the mesh
to remain a valid approximation of the geometry.

3.2.1 The Shontz and Vavasis Finite Element-Based Mesh Warping
(FEMWARP) Algorithm

We base our description of the FEMWARP method upon the presentation of the
algorithm given in [74]. Let M denote a triangular finite element mesh on a two-
dimensional domain, Ω . Let b and m denote the numbers of boundary and interior
vertices of M, respectively,and let n = m+b denote the total number of vertices.

The first step of the FEMWARP algorithm is to represent each interior vertex in
M as a specific linear combination of its neighboring vertices. In order to determine
the weights the linear combination for each interior vertex, the (m + b)× (m + b)
global stiffness matrix A for the following boundary value problem

4u = 0 on Ω
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with u = u0 on ∂Ω is formed, where A is computed based on piecewise linear finite
elements on M. Because only the relevant matrix is kept, any u0 may be prescribed.
(For a mathemtical description of the entries in A, see [31].)

For simplicity, assume that the interior vertices of M are labeled 1,2, . . . ,m and
that the boundary vertices are labeled m+1,m+2, . . . ,n. Next, partition A as

A =
(

AI AB
AT

B X

)
,

where AI is m×m, AB is m×b, and X is b×b.
Next, let x be a vector containing the x-coordinates of the initial mesh vertices.

Because any linear function of the coordinates lies in the null-space of the dis-
cretized Laplacian operator, it follows that [AI ,AB]x = 0. A similar identity holds
for the y-coordinates. Equivalently,

AIxI =−ABxB. (4)

To represent each interior vertex as a linear combination of its neighboring ver-
tices, one can divide each row of [AI ,AB] by the diagonal element in that row. This
yields a linear system whose diagonal entries are 1’s and whose row sums are 0’s.
Hence, each interior vertex is represented as a linear combination of its neighboring
vertices.

The second step of the FEMWARP method is to transform the boundary vertices
to new positions by applying a user-prescribed boundary deformation. Denote the
new boundary vertex positions by [xB,yB]→ [x̂B, ŷB].

The third step of the FEMWARP algorithm is to solve the above linear system of
equations, i.e., (4) with a new right-hand side vector based on the new positions of
the boundary vertices for the new coordinates of the interior vertices of M̂ on Ω̂ . In
particular, we solve (5)

AI [x̂I , ŷI ] =−AB[x̂B, ŷB] (5)

for [x̂I , ŷI ].
FEMWARP maintains the topology of the mesh when warping M to M̂; hence

the mesh is fully satisfied after solving (5).

4 Ventricular Deformation for Boundaries Obtained from the
Level Set Method and FEMWARP in Hydrocephalic Patients

Assuming as input medical images of the brain of a hydrocephalic patient taken at
different times, a combined level set/ mesh warping approach can be designed in
order to track the evolution of the brain ventricles. In particular, the level set method
given by (2) and (3) can be used in order to segment the medical images and de-
termine the ventricular boundaries. The FEMWARP mesh warping technique de-
scribed in Section 3.2 can used to deform the ventricular geometry from the source
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to the target ventricular boundary. Our combined approach is used in a computa-
tional pipeline involving the following steps: image denoising, image segmentation,
obtaining boundary vertices via the level set method, mesh generation, mesh warp-
ing, and mesh quality improvement. Pseudocode for our proposed computational
pipeline is shown in Algorithm 1. The following subsections give more details about
each step in our computational pipeline.

Algorithm 1 Mesh warping with the level set method
1: Input: X← medical image having initial ventricular boundary
2: Y← medical image having goal ventricular boundary
3: Image denoising using mask filters
4: Image segmentation via thresholding method
5:
6: Obtain ventricular boundary vertices from segmented X and Y medical images

via level set method
7: A← ventricular boundary vertices for X
8: B← ventricular boundary vertices for Y
9:

10: Generate initial mesh with A using Triangle
11:
12: LOOP 1: Deform mesh from A to B using FEMWARP
13: if mesh is valid then
14: Mesh quality improvement on the deformed mesh
15: return mesh
16: else
17: n = 1 // Intermediate mesh deformation
18: while mesh is invalid do
19: C← ( 1

2 )n(B−A)
20: Deform mesh from A to C using small-step FEMWARP
21: n = n + 1
22: end while
23: Mesh quality improvement on the deformed mesh
24: A← C
25: end if
26:
27: Go to LOOP 1
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4.1 Image Denoising

In order to obtain the boundary vertices of the ventricles in the medical images,
image denoising is first performed. By applying the appropriate mask filter to the
image, the image is denoised and the image becomes easy to recognize the object.

4.2 Image Segmentation

After image denoising is performed, the image is segmented by a thresholding
method. The method selects an appropriate threshold value for the image and di-
vides the image into two parts: the ventricles and outside the ventricles based on
the threshold value. In the segmented image, the white-colored parts represent the
ventricles we want to deform.

4.3 Obtaining Boundary Vertices

The level set method is then employed in order to obtain the boundary vertices of
the ventricles in the post-treatment image. The contour constructed by the boundary
vertices for the ventricles in the segmented pre-treatment image is used as the zero
level set which is the input of the level set method.

Given the zero level set, the level set method moves the contour along its interior
normal, and the contour evolves until it matches the boundary of the ventricles in
the segmented post-treatment image.

4.4 Mesh Generation

The mesh used as an input for mesh warping is generated based on the boundary
vertices of the ventricles in the segmented pre-treatment image. To generate the
initial mesh, Triangle [71] is employed.

4.5 Mesh Deformation

To track the movement of the ventricles in the brain when hydrocephalus is treated
by shunt insertion, the initial mesh is deformed until it matches the target ventricu-
lar boundary vertices for post-treatment. To deform the mesh, the FEMWARP [74]
algorithm (see Section 3.2 for a description) is used.
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When mesh deformation is performed, the deformed mesh may become tangled
due to a large deformation. In this case, intermediate deformation steps are gen-
erated based on performing a backtracking line search between the pre- and post-
treatment ventricular boundary vertices. Thus, a target which will yield a valid de-
formed mesh can be designed. An invalid mesh element can be detected by comput-
ing the sign of the determinant of an element’s Jacobian matrix and comparing it to
its original sign. If a tangled mesh is generated by the deformation, a backtracking
line search brings the deformed vertices back to the halfway point of the deforma-
tion between the source and target vertex locations. This reduces the deformation
size and prevents tangling. Small-step FEMWARP can then be used to successfully
deform the mesh.

4.6 Mesh Quality Improvement

The deformed meshes often have poor mesh quality since large deformations cause
poorly-shaped elements near to the moving ventricular boundary. It is well-known
that the mesh quality effects the time to solve PDE, the condition number of the
numerical linear system, and the accuracy of the PDE solution [72].

Hence, in order to improve the quality of the deformed meshes, mesh quality
improvement is performed using the Mesh Quality Improvement Toolkit (Mesquite)
Version 2.1.4 [8]. The objective function used in this study is

f (x) =
1
n ∑

1≤i≤n
q2

i , (6)

where f is the overall mesh quality as measured by the average of the sequence of
the element qualities, qi is the quality of element i, and n is the number of elements
in the mesh.

The inverse mean ratio metric [50] was used as the mesh quality metric for the
mesh optimization in (6). The formula for computing the inverse mean ratio of an
element is given by

q =
‖AW−1‖2

F

2 det(AW−1)
, (7)

where A is the Jacobian matrix for the physical triangle, and W is a Jacobian matrix
for the reference triangle. The range for this quality metric is 1 to ∞ for non-inverted
elements. Inverted elements correspond to a negative value of the metric. Since an
equilateral triangle is the ideal element for the mesh optimization procedure in this
study, 1 is the ideal value of the metric. Hence, lower values of the metric correspond
to meshes with better quality.

During the mesh optimization process, the boundary vertices are held fixed. In
addition, the initial meshes and subsequent meshes are not allowed to contain any
inverted elements. In order to minimize (6), a local implementation of the feasible
Newton method [50] is employed. We terminate the mesh optmization process af-
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ter obtaining the same value of the objective function to six digits of accuracy on
successive iterations.

5 Simulations of the Evolution of the Brain Ventricles in
Hydrocephalic Patients

Three simulations were designed to track the evolution of the brain ventricles upon
treatment of hydrocephalus via shunt insertion. The simulations were performed
based on our proposed combined level set/mesh warping algorithm (see Algo-
rithm 1). The level of difficulty varied in these simulations, from simple to complex
based on the specific deformation of the ventricles. Two medical image sets derived
from [89] were used in simulations. The first set of medical images included two CT
images, corresponding to pre- and post-treatment. The second set included three CT
images, corresponding to pre-treatment and two time periods post-treatment. The
Solaris machine used for the simulations of the evolutions of the ventricles was an
UltraSPARC-III CPU with a 750MHz processor, 1GB SDRAM of memory, and an
8MB L2 cache.

5.1 Simulation 1: Small Decrease in the Area of the Ventricles

We obtained pre- and post-treatment (three months later) CT images [89] for a hy-
drocephalic patient who was treated by shunt insertion. In this simulation, the sixth
line in Algorithm 1 was performed manually without using the level set method.
Since we tested a simple case of the deformation in this simulation, the lines from
16 to 25 in Algorithm 1 (intermediate mesh deformation) were not performed. To
track the evolution of the brain ventricles, the images were first denoised by using a
4×4 mask filter for both images.

After denoising the images, the images were segmented based on a threshold
value for the pixels. For this simulation, a threshold value of 20 was applied. The
images obtained from image denoising and image segmentation are shown in Fig. 1.
In the segmented images, the white-colored parts represent the ventricles containing
CSF whose evolution was tracked in our numerical simulation.

Once image segmentation was performed, the boundary vertices were easily ob-
tained. By tracing the shape of the ventricles, the boundary vertices used in the mesh
generation step were obtained. Fig. 2 shows the boundary vertices obtained from the
segmented images. Each ventricular boundary contains 225 vertices in the boundary.
Each vertex has the same Euclidean distance from itself to its neighboring vertices.

After the boundary vertices were obtained from the segmented images, the initial
mesh for the boundary vertices of pre-treatment image was generated using Trian-
gle [71]. The mesh contained 2298 vertices and 4245 elements, and its initial quality
is given in Table 1. Based on the initial mesh and the final ventricular boundary ver-
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Fig. 1 Two segmented im-
ages: pre- and post-treatment.
The image was denoised with
a 4× 4 mask filter. After
image denoising, the images
were segmented.

(a) Segmented pre-treatment
image

(b) Segmented post-treatment
image

Fig. 2 Boundary vertices
obtained from pre- and post-
treatment segmented images.
The ventricular boundary
movement due to shunt inser-
tion were shown. 20 40 60 80 100 120 140 160
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(b) post-treatment

tices obtained from the post-treatment image, mesh deformation for tracking the
shape evolution of the brain ventricles was performed via FEMWARP [74].
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(a) Initial mesh
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(b) Deformed mesh
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(c) Optimized deformed mesh

Fig. 3 (a) Initial mesh generated by Triangle [71] and (b) the deformed mesh generated by
FEMWARP mesh warping algorithm. (c) Mesh quality improvement was performed on the de-
formed mesh to improve the mesh quality.

The initial mesh and the deformed meshes resulting from mesh deformation and
mesh quality improvement procedures are shown in Fig. 3. Since the area of the
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ventricles was decreased as keeping similar shapes in this simulation, the deforma-
tion was small. Because of this, FEMWARP easily controlled the deformation, so a
tangled mesh was not generated.

As the final step of the simulation, the deformed mesh was optimized to improve
the mesh quality by using Mesquite [8]. Table 1 and Fig. 4 show the mesh quality
statistics and the quality distribution for each mesh generated during the simulation.

Table 1 Inverse mean ratio mesh quality statistics for several meshes used in the simulation. The
feasible Newton method [50] implemented in Mesquite [8] was used for average mesh quality
improvement.

Inverse mean ratio mesh quality

Mesh min avg rms max std

Initial mesh 1.00002 1.05555 1.05816 2.0110 0.07427
Deformed mesh 1.00001 1.31565 2.36839 82.6890 1.96934
Optimized mesh 1.00000 1.14067 1.15345 3.8571 0.18090
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(a) Initial mesh
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(b) Deformed mesh
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(c) Optimized deformed mesh

Fig. 4 Inverse mean ratio mesh quality distribution for meshes generated in Simulation 1.

The average mesh quality of the initial mesh was 1.05555. After mesh defor-
mation, the mesh quality of the deformed mesh was 1.31565. The number of good
quality elements decreased from 1550 to 1050. By performing mesh quality im-
provement, the quality of the deformed mesh was improved to 1.14067. The number
of poor quality elements decreased by more than half compared to the unoptimized
deformed mesh. The number of high quality elements (i.e., those with quality values
ranging from 1 to 1.2) increased from 1700 to 2400 due to the mesh optimization
process. Also, the quality of the worst element in the deformed mesh improved sig-
nificantly from 82.689 to 3.857.

The distances for each boundary vertex during the deformation are visualized
in Fig. 5. The distances were computed by calculating the Euclidean distance be-
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Fig. 5 Boundary movement
of each vertex and their cor-
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tween corresponding ventricular boundary vertices in the pre- and post-treatment
images. During the mesh deformation, the shapes of the ventricles containing the
CSF changed. Since the sizes of the vectors in the middle-left and the upper-right
parts of the ventricles were bigger than the corresponding vectors for the other parts,
more boundary vertex movement occurred in the middle-left and the upper-right
parts of the ventricles compared to the other parts. It is also shown in Fig. 5(b) that
the boundary vertex movements around the vertices indexed 50 and 200 were larger
than those of other vertices. Note that the boundary vertices were indexed from the
starting point (90,59) and moving in a clockwise direction.

5.2 Simulation 2: Asymmetric Ventricular Shape Change

Three CT images [89] were used in the simulation: pre-treatment, period 1 (six
months later), and period 2 (one year later). The goal of this experiment was to
simulate ventricular deformation from pre-treatment to period 1 and from period 1
to period 2. In this simulation, the intermediate mesh deformation in Algorithm 1
(i.e., lines 16 through 25) was performed. Also, similar to the previous simulation,
the ventricular boundary vertices were obtained with a manual process, and not with
the level set method specified in the sixth line in Algorithm 1.

To reduce the noise in the image, a 3× 3 mask filter for the pre-treatment CT
image, a 6× 6 mask filter for the period 1 CT image, and a 4× 4 mask filter for
the period 2 CT image were applied. After image denoising was performed, the
images were segmented based on an appropriate threshold value. In this simulation,
the threshold values 20, 77, 45 were used for the pre-treatment, period 1, and period
2 images. The segmented images to be used for obtaining the boundary vertices
are shown in Fig. 6. The white-colored parts in the segmented images represent the
brain ventricles which deform as their fluid volumes decrease after the treatment via
shunt insertion.

The boundary vertices obtained from the segmented images are shown in Fig. 7.
For each boundary vertex, the next vertex is selected from the boundary vertices
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(a) Pre-treatment (b) Period 1 (c) Period 2

Fig. 6 Segmented images for obtaining the boundary vertices from the given three CT images: (a)
pre-treatment, (b) period 1 (six months later), and (c) period 2 (one year later). The white-colored
parts represent the ventricles which deform as their fluid volume decrease after shunt insertion.

with a fixed Euclidean distance from the given vertex. The boundary vertices were
computed and ordered by repeating this process.
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(c) Period 2 boundary

Fig. 7 Boundary vertices obtained from the segmented images: pre-treatment, period 1, and period
2.

Using the ventricular boundary vertices for pre-treatment, the initial mesh was
generated using Triangle [71]. The mesh contained 4311 vertices and 8166 ele-
ments; its mesh quality in given in Table 2. By using the boundary vertices obtained
from the segmented images, the first mesh deformation step from pre-treatment to
the period 1 boundary was performed via FEMWARP [74]. Mesh deformation re-
sults from the initial mesh to the period 1 boundary are shown in Fig.8.

As can be seen in Fig. 8, since inverted elements were generated during mesh
warping, the deformed mesh cannot be used as an input mesh for the next deforma-
tion step, as tangled meshes are not allowed to be used as an input for finite element
methods, including methods such as FEMWARP which are based on a finite ele-
ment method. The majority of the inverted elements were located in the marked area
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Fig. 8 The first mesh de-
formation of the ventricular
boundary from pre-treatment
to period 1. Inverted elements
exist in the marked areas
where a large deformation
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shown in Fig. 8(b). Compared to the other ventricular boundary areas, the mesh de-
formation in the marked areas was larger. To avoid tangled mesh generation, several
intermediate mesh deformation steps for use with small-step FEMWARP [73] were
designed. The intermediate steps showed more details of the ventricular evolution
when the hydrocephalus was treated by shunt insertion.

To generate the intermediate mesh deformation steps, the new boundary vertices
between the pre-treatment and period 1 boundary vertices were obtained by man-
ual selection of the intermediate boundary vertices. By using the newly obtained
boundary vertices, the mesh deformation was performed. Since adding the inter-
mediate mesh deformation steps decreased the size of the deformation, small-step
FEMWARP easily handled the deformation without generating inverted elements in
the deformed meshes.

Nine total intermediate mesh deformation steps were designed from the initial
mesh generated by pre-treatment boundary vertices to the deformed mesh to be
generated by period 1 boundary vertices. Fig. 9 shows the mesh deformation re-
sults from pre-treatment to the period 1 ventricular boundaries with intermediate
deformation steps. In Fig. 9, the initial mesh, the meshes resulting from the sixth
deformation, and the meshes resulting from the ninth deformation are shown.

Mesh quality improvement was performed for each deformed mesh before de-
forming the mesh again in order to improve the mesh quality. The inverse mean
ratio mesh quality statistics and element quality distribution results are shown in
Table 2 and Fig. 10.

The average quality of the initial mesh was 1.11483 according to the inverse
mean ratio mesh quality metric. The average quality of the sixth intermediate mesh
improved from 1.13918 to 1.1326 by performing mesh quality improvement. The
worst mesh quality of an element in the sixth intermediate mesh showed a noticeable
improvement as a result of mesh quality improvement, as it decreased from 10.9184
to 5.1703.

The ventricular boundary vertices in the ninth intermediate mesh matched exactly
the ventricular boundary vertices obtained from the segmented image for period 1.
Due to mesh quality improvement, the average mesh quality improved from 1.16464
to 1.15143; the worst mesh quality of an element in the ninth intermediate mesh
improved from 14.5821 to 6.57973.
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(c) Optimized 6th deformation
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(e) Optimized 9th deformation

Fig. 9 (a) The initial mesh generated by using Triangle [71] and (b) and (d) the deformed meshes
generated by the FEMWARP algorithm [74]. The mesh resulting from the ninth deformation
matched to the boundary vertices of the ventricles for period 1. (c) and (e) The improved deformed
meshes after use of mesh quality improvement.

Table 2 Inverse mean ratio mesh quality statistics for several meshes used in the simulation of the
ventricular mesh deformation from pre-treatment to period 1. The feasible Newton method [50]
implemented in Mesquite [8] was used for average mesh quality improvement.

Inverse mean ratio mesh quality

Mesh min avg rms max std

Initial mesh 1.00000 1.11483 1.12096 2.4723 0.11708
6th deformation 1.00000 1.13918 1.17003 10.9184 0.26693
Opt. 6th deformation 1.00002 1.13266 1.16431 5.1703 0.26964
9th deformation 1.00001 1.16464 1.19760 14.5821 0.27905
Opt. 9th deformation 1.00001 1.15143 1.19106 6.5797 0.30469
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(a) Initial mesh
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(b) 6th deformation
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(c) Optimized 6th deformation
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(d) 9th deformation
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(e) Optimized 9th deformation

Fig. 10 Inverse mean ratio element quality distribution for the meshes generated in Simulation
2 (ventricular mesh deformation from pre-treatment to period 1). Quality distributions for (a) the
initial mesh, (b) the sixth intermediate mesh, (c) the sixth intermediate mesh after mesh quality
improvement was performed, (d) the ninth intermediate mesh, and (e) the ninth intermediate mesh
after mesh quality improvement was performed.

In Fig. 10, it can be seen that most of the mesh elements (approximately 90% of
the elements) for the ninth intermediate mesh had good mesh qualities after mesh
quality improvement was performed. Also, the number of poor quality mesh ele-
ments decreased. Since the poor quality mesh elements tended to generate inverted
elements if the mesh was used as an input for the mesh deformation, reducing the
number of poor quality mesh elements makes the next intermediate mesh deforma-
tion step more likely to succeed.

From the ninth intermediate mesh, the deformation to the ventricular boundary
for period 2 was performed. After six of the intermediate meshes were generated,
the boundary vertices of the deformed mesh matched to the boundary vertices of the
ventricles in the segmented period 2 image. Fig. 11 shows the mesh deformation re-
sults from period 1 to period 2. Six intermediate deformation steps were generated
for this part of the simulation. In this figure, the mesh which having the bound-
ary vertices matched to the ventricular boundary vertices for period 1, the twelfth
intermediate step, and the fifteenth intermediate step are shown. The ventricular
boundary vertices in the fifteenth intermediate mesh matched exactly the ventricu-
lar boundary vertices for period 2.
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(b) 12th deformation
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(c) Optimized 12th deformation
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(e) Optimized 15th deformation

Fig. 11 (a) the mesh having the ventricular boundary vertices matched to period 1 ventricular
boundary vertice. (b) and (d) the deformed meshes generated by the FEMWARP algorithm [74].
The fifteenth intermediate mesh deformation result matched exactly to the boundary vertices for the
ventricles in the segmented period 2 image. (c) and (e) mesh quality improvement was performed
to improve the quality of the meshes at each step of the hydrocephalus ventricular deformation.

Mesh deformation from period 1 to period 2 boundary of the ventricles was easier
than that for pre-treatment to period 1. Mesh deformation from period 1 to the period
2 ventricular boundary required fewer intermediate mesh deformation steps than did
the earlier part of the simulation. This is because the ventricles shrunk significantly,
allowing for more feasible possibilities for interior vertex positions.

Table 3 and Fig. 12 show the inverse mean ratio mesh quality improvement re-
sults and the quality distribution for the deformed meshes from the simulation of the
ventricular deformation from period 1 to period 2.

As shown in Table 3, the average mesh quality for the twelfth intermediate mesh
improved from 1.2625 to 1.24535. The worst mesh quality also improved from
20.1674 to 11.8054. Fig. 12 shows that approximately 90% of the mesh elements in
the twelve intermediate mesh have good mesh qualities after mesh quality improve-
ment was performed.

Although the average mesh quality of the fifteenth intermediate mesh improved
from 1.57492 to 1.53606 by performing mesh quality improvement with Mesquite [8],
still many poor mesh quality elements existed in the mesh, and the worst mesh qual-
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Table 3 Inverse mean ratio mesh quality statistics for several meshes used in the simulation. The
feasible Newton method [50] implemented in Mesquite [8] was used for average mesh quality
improvement. For improving the worst quality of the final mesh, the PS mesh quality improvement
algorithm [57] was applied to obtain further improvement.

Inverse mean ratio mesh quality

Mesh min avg rms max std

12th deformation 1.00001 1.26625 1.36000 20.1674 0.49619
Opt. 12th deformation 1.00001 1.24535 1.34960 11.8054 0.52010
15th deformation 1.00020 1.57492 1.70020 6.7762 0.64054
Opt. 15th deformation 1.00002 1.53606 1.81146 18.4508 0.96015
Opt. 15th deformation
(with PS)

1.00015 1.68952 1.78281 4.3440 0.56913
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(a) 12th deformation
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(b) Optimized 12th deformation
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(c) 15th deformation
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(d) Optimized 15th deformation
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(e) Optimized 15th deformation
(with PS)

Fig. 12 Inverse mean ratio mesh quality distribution for meshes generated in Simulation 2 (ven-
tricular mesh deformation from period 1 to period 2). Quality distribution for (a) the twelfth inter-
mediate mesh, (b) the twelfth intermediate mesh after mesh quality improvement was performed,
(c) the fifteenth intermediate mesh, (d) the fifteenth intermediate mesh after mesh quality im-
provement was performed, and (e) the fifteenth intermediate mesh after the worst quality element
improvement was performed.
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ity of the fifteenth intermediate mesh degraded from 6.7762 to 18.4508. Thus, to
reduce the number of poor quality mesh elements, mesh quality improvement of the
worst mesh element was performed by using the pattern search (PS) mesh quality
improvement algorithm [57]. By using this algorithm, the quality of the worst mesh
element improved from 18.4508 to 4.3440. Most of the mesh elements had good
mesh qualities, in spite of the fact that the average quality of the mesh increased
slightly to 1.68952.
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Fig. 13 (a) boundary movement of each vertex from pre-treatment to period 1, (b) boundary move-
ment of each vertex from period 1 to period 2, (c) the distance between the pre-treatment and period
1 vertices, (d) the distance between the period 1 and period 2 vertices.

The distances for boundary vertex movement during the deformations are visu-
alized in Fig. 13. For the deformation from pre-treatment to period 1, most of the
ventricular boundary vertices moved symmetrically except in the middle-left parts
of the ventricles. The shapes for the middle-left parts of the ventricles changed sig-
nificantly more than that of middle-right parts. This is because the shunt was inserted
in the ventricles in this spot in order to treat the hydrocephalus. The sizes of the vec-
tors in the two lower parts and upper-left parts of the ventricles were bigger than the
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sizes of the corresponding vectors for the other parts. Fig. 13(c) shows the distances
from the pre-treatment to the period 1 ventricular boundary vertices. The distances
are computed by calculating the Euclidean distance from pre-treatment ventricular
boundary vertices the corresponding vertices in period 1. Note that they do not rep-
resent the cumulative distances moved during the mesh warping procedure. As can
be seen in Fig. 13(c), the boundary vertex movements around the vertices indexed
5, 100, and 240 were larger than those of the other vertices.

In the case of the deformation from period 1 to period 2, most of the ventricular
boundary vertices showed large movements during the deformation. In Fig. 13(b),
the changing shapes of the lower parts of the ventricles were especially noticeable.
As can be seen in Fig. 13(d), although the boundary vertex movements for most
of the vertices were large, the boundary vertices located in the lower parts of the
ventricles (indexed between 0 and 70 and between 230 and 250) showed the largest
movement in the deformation from period 1 to period 2.

During the treatment of hydrocephalus, the brain size also changed. In particular,
the brain size increased due to infant growth. The brain boundaries obtained from
the segmented images are shown in Fig. 14.
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Fig. 14 Brain boundary vertices obtained from the segmented images. The ×, o, and ∗ symbols
represent the pre-treatment, period 1, and period 2 brain boundaries, respectively.

Mesh deformation results from pre-treatment to period 1 and from period 1 to
period 2 are shown in Fig. 15. In each step, deformation of both the ventricles and
the brain were performed.

5.3 Simulation 3: Ventricular Deformation with Boundaries
Obtained via the Level Set Method

In simulation 2, the ventricular boundary vertices in the segmented images were
manually determined. Furthermore, the intermediate steps for avoiding the gener-
ation of inverted elements in the meshes used for the simulation of the ventricular
deformations were computed by manually selecting the vertices between the pre-
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Fig. 15 (a) initial mesh generated by Triangle [71] and (b),(d),(f), and (h) the deformed meshes
generated by the FEMWARP algorithm [74]. The fifteenth intermediate mesh deformation result
matched exactly to the boundary vertices of the ventricles and the brain in segmented period 2
image. (c),(e),(g), and (i) mesh quality improvement was performed to improve the quality of the
meshes at each step of ventricular deformation for hydrocephalus.
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treatment and period 1 or between the period 1 and period 2 boundary vertices of
the ventricles.

The main new aspect of this simulation is that that the level set method [68]
was applied to automatically obtain the boundary vertices of the ventricles in the
segmented images. Using the boundary vertices, the initial mesh was generated us-
ing Triangle [71]. The mesh contained 2392 vertices and 4422 elements; its quality
is given in Table 4. Also, with the boundary vertices of the ventricles in the pre-
treatment, period 1, and period 2 images, the intermediate steps were automatically
computed by using a backtracking line search method to obtain valid intermediate
meshes.

Similar to the previous simulation, image denoising was performed as the first
step of the simulation. The same mask filters were applied to denoise each medical
image. After the images were denoised, image segmentation was performed based
on the same threshold values used in the previous simulation. The segmented images
were the same as before and are shown in Fig. 6.

The level set method was applied to obtain the boundary vertices of the ventricles
in the period 1 and period 2 images. To use the level set method, the zero level set
was defined and used as an input. The contour constructed by the boundary vertices
for the ventricles in the segmented pre-treatment image was used as the zero level
set.

To obtain the boundary vertices of the ventricles in the segmented pre-treatment
image, the contours were first generated in the segmented pre-treatment image. The
pixel values of the segmented images were used to generate the contours. Since the
ventricles in the segmented image were represented as pixels with a value of zero
and all the other parts were represented as pixels with a value of one, the contours
were plotted around the ventricles in the segmented image. The contour for the zero
function matched the ventricular boundary in the segmented pre-treatment image.

The contour with the zero function was used as an input of the level set method
and has used to obtain the boundary of the ventricles in the segmented image for
period 1. Given the zero level set, the level set method moved the contour toward its
interior normal with constant speed (a value of approximately 8.854e−12 was used
for ε0 in this simulation). The evolution was stopped when the contour matched the
ventricular boundary in the segmented period 1 image. Sixty iterations of the level
set method were required to evolve the contour.

The level set method was also used to generate the boundary of the ventricles for
period 1 with complicated changes of shape (where the shunt was inserted). With
the ventricular boundaries obtained from the level set method, several intermediate
steps were generated automatically via linear interpolation. However, it was chal-
lenging to compute the intermediate boundaries near the inserted shunt via linear in-
terpolation. This technique generated meshes with several inverted elements; most
of them were located near where the shunt was inserted. Also, determining other
types of interpolation automatically would be difficult since it is hard to know what
type to use. Thus, in order to avoid generation of inverted elements and to reduce
the number of intermediate steps for ventricular deformation from pre-treatment to
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period 1, the boundary of the ventricles for period 1 was obtained by deleting the
shunt in the segmented period 1 image.

When the ventricular boundary for period 1 was obtained, the boundary was used
as an input contour of the level set method which was used to obtain the ventricular
boundary for period 2. Similar to the process performed for obtaining the ventricular
boundary vertices for period 1, the level set method evolved the boundary of the
ventricles for period 1 along its interior normal with the constant speed given above.
After 53 iterations, the level set method was terminated after the new boundary
matched the ventricular boundary for the segmented period 2 image.

The contours obtained by the level set method for representing the boundary
of the ventricles in each segmented image included a different number of vertices.
However, the same number of boundary vertices for each ventricular boundary is
required for deformation using FEMWARP.

To represent the contours with the same number of vertices, an identical number
of vertices were chosen from the starting positions in each segmented image. For the
pre-treatment boundary, the vertex with the xy-coordinates (300,200) was used as a
starting point, and every fourth vertex in the contour was selected as vertices used for
representing the boundary of the ventricles for pre-treatment. From the vertex with
the xy-coordiates (300, 230), every third vertex in the contour was selected to use
as vertices used for the period 1 ventricular boundary. For the period 2 boundary,
the vertex with the xy-coordinates (295,250) was used as a starting point for the
vertex selection. Every second vertex in the contour was selected as the ventricular
boundary vertices for period 2.
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(a) Pre-treatment and period 1 boundaries
obtained from the level set method
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(b) Period 1 and period 2 boundaries ob-
tained from the level set method

Fig. 16 Pre-treatment, period 1, and period 2 boundaries obtained from the level set method. The
dotted boundaries represent the initial contour, and the solid line boundaries represent the evolved
contour, which is matched to the boundary.

The boundaries of the ventricles for pre-treatment, period 1, and period 2 ob-
tained from the level set method are shown in Fig. 16. The dotted plot in Fig. 16(a)
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represents the boundary for pre-treatment generated by the contour plot with the
zero function value, and the solid line plot shows the boundary for period 1 ob-
tained by evolving the contour (dotted plot) by the level set method. In Fig. 16(b),
the dotted plot is the contour which represents the boundary for period 1, and the
solid line plot shows the evolved contour for the period 2 boundary obtained from
the level set method.

With the boundary vertices obtained from the level set method, the evolution of
the ventricles containing cerebrospinal fluid was simulated. Since the ventricular
deformation both from the pre-treatment to period 1 boundaries and from the period
1 to period 2 boundaries was too large to be handled by FEMWARP [74] in just
one step, intermediate small deformations were performed (i.e. using small-step
FEMWARP [73]).

The intermediate steps were computed based on application of a backtracking
line search method for each boundary vertex. The pseudocode for computing the
intermediate steps is shown in Algorithm 1 line from 17 to 22. Mesh quality im-
provement for the intermediate step is performed once the deformed mesh is valid.
The optimized mesh is used as an input in the computation of the next intermediate
step.

Fig. 17 shows the initial mesh generated using Triangle [71] with the ventricular
boundary vertices for pre-treatment and the intermediate meshes generated during
ventricular mesh deformation. For each intermediate mesh, mesh quality improve-
ment was performed.

To obtain the mesh matched to the ventricular boundary vertices for period 2,
sixteen intermediate steps were performed to deform the mesh from pre-treatment
to period 2. Stretched triangular elements occurred near the brain boundary in the
sixteenth intermediate mesh are seen in the Fig. 17(i). This is because the significant
shrinkage of the ventricles happened in the sixteenth intermediate step compared
to the initial mesh. Thus, the interior vertices and correspondingly the triangular
elements were strained toward the ventricular boundary for period 2 in order to
cover the increased area.

The inverse mean ratio mesh quality statistics and quality distribution for the de-
formed meshes generated during the simulation are shown in Table 4 and Fig. 18.
The average mesh quality of the initial mesh was 1.0538. When each mesh de-
formation was performed, the average mesh quality observed for the meshes on
the intermediate steps degraded. By performing mesh quality improvement with
Mesquite [8], the average mesh qualities improved from 1.20431 to 1.18070, from
1.38840 to 1.37350, and from 1.50317 to 1.47862 for the sixth, ninth, twelfth, and
sixteenth intermediate meshes, respectively.

Table 4 shows that the worst mesh qualities of the intermediate meshes also
improved by performing mesh quality improvement with [8]. In the case of the
sixteenth intermediate mesh, the worst mesh quality was degraded from 14.021 to
19.4508, even though mesh quality improvement was performed via Mesquite [8].
To obtain further mesh quality improvement for the final mesh, mesh quality im-
provement of the worst quality element was performed by using the PS algo-
rithm [57]. The worst mesh quality of the sixteenth intermediate mesh improved
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Fig. 17 (a) initial mesh generated by Triangle [71] and (b),(d),(f),and (h) the deformed meshes
generated by FEMWARP [74]. The sixteenth intermediate mesh deformation result matched ex-
actly the boundary vertices of the ventricles for period 2. (c),(e),(g), and (i) mesh quality improve-
ment was performed to improve the quality of the meshes at each intermediate deformation step of
ventricular deformation.
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(b) 6th deformation
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(c) Optimized 6th deformation
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(d) 9th deformation
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(e) Optimized 9th deformation
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(f) 12th deformation
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(g) Optimized 12th deformation
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(h) 16th deformation
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(i) Optimized 16th deformation
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(j) Opt. 16th deformation (with
PS)

Fig. 18 Inverse mean ratio mesh quality distribution for meshes generated in Simulation 3. Quality
distribution for (a) initial mesh, (b) the sixth intermediate mesh, (c) the sixth intermediate mesh
after mesh quality improvement was performed, (d) the ninth intermediate mesh, (e) the ninth in-
termediate mesh after mesh quality improvement was performed, (f) the twelfth intermediate mesh,
(g) the twelfth intermediate mesh after mesh quality improvement was performed, (h) the sixteenth
intermediate mesh, (i) the sixteenth intermediate mesh after mesh quality improvement was per-
formed, and (j) the sixteenth intermediate mesh after the worst quality element improvement was
performed.
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Table 4 Inverse mean ratio mesh quality statistics for several meshes used in the simulation. The
feasible Newton method [50] implemented in Mesquite [8] was used for average mesh quality
improvement. For improving the worst quality of the final mesh, the PS mesh quality improvement
algorithm [57] was applied to obtain further improvement.

Inverse mean ratio mesh quality

Mesh min avg rms max std

Initial mesh 1.00001 1.05380 1.05731 2.3513 0.08604
6th deformation 1.00000 1.20431 1.50967 36.3021 0.91035
Opt. 6th deformation 1.00001 1.18070 1.22330 5.5055 0.32000
9th deformation 1.00005 1.38846 1.51427 11.3377 0.60432
Opt. 9th deformation 1.00007 1.37350 1.53049 9.1011 0.67520
12th deformation 1.00043 1.50317 1.65771 21.9930 0.69892
Opt. 12th deformation 1.00004 1.47862 1.67494 9.0810 0.78682
16th deformation 1.00061 1.86964 2.24460 14.0210 1.24204
Opt. 16th deformation 1.00002 1.53606 1.81146 18.4508 0.96015
Opt. 16th deformation
(with PS)

1.00073 1.91943 2.37001 8.9290 1.24050

from 18.4508 to 8.9290, despite the fact that the average mesh quality of the mesh
was slightly degraded to 1.91943.

Fig. 18(i) shows that the number of poor mesh quality elements of the sixteenth
intermediate mesh increased regardless of performing mesh quality improvement.
After the PS algorithm for improving the worst quality element was performed, the
number of poor mesh quality elements of the mesh decreased (seen in Fig. 18(j)).

The distances for boundary vertex movement during the deformations are visual-
ized in Fig. 19. The distances were computed by calculating the Euclidean distance
between the vertices in each boundary, and not by summing each distance traveled
in an intermediate step. The arrows shown in Fig. 19 were generated by connecting
two vertices having the same index in each boundary.

When ventricular mesh deformation from pre-treatment to period 1 was per-
formed, the boundary vertices in the lower-left parts of the ventricles moved more
than that of the vertices in the other parts of the ventricles. These vertices, which
were indexed between 40 to 60, were included in the lower-left parts of the ventri-
cles, and their movement was approximately 80.

The boundary vertex movement from period 1 to period 2 was significantly large.
The size of vectors for most of the vertices were larger than that of the previous de-
formation from pre-treatment to period 1. As can be seen in Fig. 19(d), the distances
for most of the vertices were larger than 50 except the vertices indexed between 120
and 130, whose movement was around 10.
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Fig. 19 (a) boundary movement of each vertex from pre-treatment to period 1, (b) boundary move-
ment of each vertex from period 1 to period 2, (c) the distance between the pre-treatment and period
1 vertices, (d) the distance between the period 1 and period 2 vertices.

6 Conclusions and Future Work

We proposed an image-based computational technique for use in tracking the evolu-
tion of the brain ventricles in hydrocephalic patients pre- and post-treatment. Such
simulations could be used by neurosurgeons in order to design personalized medi-
cal treatments for a given patient in that the simulations could be used to determine
how a particular treatment may perform on a given patient. Our image-based com-
putational technique is based on a combination of the level set method and the fi-
nite element mesh warping (FEMWARP) method [74]. Our computational pipeline
involves the pre-processing steps of image denoising and segmentation. The seg-
mented medical images are then used as input to the combined level set/mesh warp-
ing algorithm. Next, the level set method is used to predict the next position of the
brain ventricles, and the mesh warping method, i.e., FEMWARP, is used to deform
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the mesh to the new target. The prediction and deformation steps are performed
several times until the final target of the brain ventricles is reached.

Using our approach, we were able to perform three numerical simulations in or-
der to track the evolution of the brain ventricles post-treatment of hydrocephalus
via shunt insertion in two patients. In Simulation 1, the ventricular mesh deforma-
tion was performed for a case in which the ventricular area decreased while the
ventricular shape was preserved. In this case, the ventricular mesh deformation was
easy to perform using FEMWARP, and coupling with the level set method was not
necessary.

The brain ventricles changed their shapes asymmetrically during their evolu-
tion in Simulation 2. Because the deformation of the ventricles was rather large
in this case, intermediate mesh deformation steps were designed, and small-step
FEMWARP [74] was used in order to deform the mesh. In total, fifteen intermediate
deformation steps were performed to track the evolution of the ventricles from pre-
to Period 2 of post-treatment. The ninth intermediate mesh matched the ventricu-
lar boundary for period 1; the fifteenth mesh matched the ventricular boundary for
period 2.

Finally, the level set method was coupled with FEMWARP in Simulation 3 in
order to obtain the ventricular boundary vertices in the segmented medical images.
Linear interpolation based on the level sets was performed in order to predict the
location of the brain ventricles on the intermediate steps. Mesh deformation was
again performed via small-step FEMWARP in combination with the predicted tar-
get locations. Sixteen intermediate deformation steps were designed, and the ninth
intermediate mesh and the sixteenth mesh matched the ventricular boundary for pe-
riod 1 and period 2, respectively.

Mesh quality improvement was performed on the deformed meshes from all three
simulations in order to improve their overall quality. For the sixteenth deformed
mesh in Simulation 3, it was also necessary to prove worst element quality mesh
improvement in order to further improve the quality of the mesh to an acceptable
level for computational purposes.

Our combined level set/mesh warping technique performed semi-automatic ven-
tricular mesh deformation and evolution of the brain ventricles. Future research will
focus on fully automating the level set method in its ability to predict the loca-
tion of the brain ventricles at the next time step. This will require a technique for
determining which speed should be applied to each boundary vertex in the level
set contour to prescribe its evolution. We will also extend our approach to han-
dle three-dimensional ventricular evolution. It should be noted that a 3D version
of FEMWARP is already in existence [74] and can be used for this purpose. In
addition, we will extend the FEMWARP method so that it can handle topological
changes during the ventricular deformation; mesh adaptation will need to be added
to FEMWARP for this purpose. It should be noted that the level set method can
already handle topological changes. Finally, it should be noted that FEMWARP is
a geometric mesh warping approach. We plan to extend FEMWARP so that it also
incorporates brain biomechanics which can be used to predict the evolution of the
brain ventricles.
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It should also be mentioned that our combined level set/mesh warping method
can also be used to analyze other medical conditions for which medical images are
acquired. For example, such an approach could also be used to analyze geometric
changes in the brain due to normal brain growth or the growth of a tumor, the change
in the brain due to a stroke, or the impact of a traumatic injury on the brain. Our
approach can also be applied to other medical conditions involving medical images
and deformations including several applications in cardiology or orthopaedics.

Acknowledgements The work of the first two authors was funded in part by NSF CAREER
Award OCI-1054459; the work of the second author was also funded in part by NSF grant CNS-
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