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ABSTRACT
Low density parity check (LDPC) codes allow a communications link to operate reliably at

signal to noise ratios that are very close to the Shannon limit. Because of this, in the early 2000s
they were studied in connection with SOQPSK-TG and were eventually adopted into the IRIG-
106. The deployment for SOQPSK-TG has proved to be very successful, which has motivated
interest in finding an LDPC solution for PCM/FM and ARTM CPM. Such a solution, however, has
proved to be elusive for reasons that were not entirely clear in the past. In our companion paper,
we reveal these reasons, which also allows us to develop an LDPC design procedure for all IRIG-
106 modulations and we apply this procedure to PCM/FM and ARTM CPM. In this paper, our
focus is on developing high-speed, parallelizable decoders/demodulators that are suitable for high-
throughput applications. We present the performance characteristics of our fixed-point software
prototype system. We demonstrate that the coded LDPC system performs around one dB from
the respective channel capacities of these modulations. As such, these codes can be considered
to fill in the LDPC options that are currently absent in the IRIG-106 standard for PCM/FM and
ARTM CPM.

INTRODUCTION
The desired LDPC coding scheme is shown in Figure 1 and consists of an LDPC encoder

and a CPM modulator that are separated by an interleaver (denoted by the symbol Π). In our
companion paper [1], we presented a procedure for designing LDPC codes that are “matched” to
a desired continuous phase modulation (CPM) scheme. The CPMs we consider herein are pulse
code modulation/frequency modulation (PCM/FM), the Telemetry Group version of shaped-offset
quadrature phase shift keying (SOQPSK-TG), and the multi-h CPM developed by the Advanced
Range TeleMetry program (ARTM CPM), which are all defined in full detail in the IRIG-106
standard [2]. For convenience, going forward we refer to these, respectively, as ARTM0, ARTM1,
and ARTM2.

In [1], we applied our LDPC design procedure to these three modulations to obtain a family
of six LDPC codes for each one (18 codes in total). In this paper, our focus is on developing
parallelization strategies for the LDPC decoder and the CPM demod/decoder (known as the soft-
input soft-output, or SISO, module). We then apply these strategies in a fixed-point software
prototype and characterize its performance and execution speed. The results demonstrate that the
LDPC–CPM scheme is a viable technology to fill in the missing LDPC options in the IRIG-106
standard.
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<latexit sha1_base64="pp4Csp5DfO95K1A/2/07A7lC20c=">AAAB5nicZVDLSsNAFJ34rPXRqEs3oUWoEEoqPhZuCiK4Ear0BW0ok8lNO3YyE2YmSgn9BXfiwo0L/Q9/w78xjdnUHrhw5pw7cM71IkaVdpwfY2V1bX1js7BV3N7Z3SuZ+wcdJWJJoE0EE7LnYQWMcmhrqhn0Igk49Bh0vcn13O8+gVRU8JaeRuCGeMRpQAnWqTQ0S6qqrwYh1mMvSOLZydCsODUng7VM6jmpoBzNofk98AWJQ+CaMKxU/zGNxjGzGWgNMsIRSDugc0VwUNQHWz+LNHgccje5URERYQvI+AEiIfWsOIgVRJhM8Aj6IeVpSMq1zQI3ucteTSkWlzJrKin2l6yUchyCcpPsUDPrOFV8KxAyHa6tTC2mlev/Cy6TzmmtflE7vz+rNMp5+QI6QmVURXV0iRroFjVRGxEUo3f0ib6MsfFivBpvf6srRv7nEC3A+PgFfOiNDQ==</latexit>

s(t; u)
<latexit sha1_base64="oR3ZmCt9JRKBjhna1ZJtnLFks1U=">AAAB3HicZVDLSsNAFJ34rPVVdekmtAguQknEx7YgghuhStMWmlgmk5s6djITZiZKCd25ExduXOjP+Bv+jWnMpvbAhTPn3IFzbpAwqrRt/xhLyyura+uVjerm1vbObm1vv6tEKgm4RDAh+wFWwCgHV1PNoJ9IwHHAoBeML2d+7wmkooJ39CQBP8YjTiNKsM6lnpe5Q+5Nh7WG3bQLmIvEKUkDlWgPa99eKEgaA9eEYaUGj3kgjpnFQGuQCU5AWhGdKYKDoiFY+lnkcdOY+9mVSoiIO0Ae7iARUk+rXqogwWSMRzCIKc+jUa4tFvnZTfFqSzG/VFgTSXG4YOWU4xiUnxXnmZpHuRKakZD5cG0WajWv7PwvuEi6J03nvHl2e9po1cvyFXSI6ugYOegCtdA1aiMXETRG7+gTfRn3xovxarz9rS4Z5Z8DNAfj4xefaYmw</latexit>{Un} <latexit sha1_base64="nepoyoFdPzG0uSmqn98w1XkhE7o=">AAAB3HicZVDLSsNAFJ3UV62vqks3oUVwEUoiPraFIrgRqvQFTSyTyU0dO5kJMxOlhO7ciQs3LvRn/A3/xjRmU3vgwplz7sA5148ZVdq2f4zSyura+kZ5s7K1vbO7V90/6CmRSAJdIpiQAx8rYJRDV1PNYBBLwJHPoO9PWnO//wRSUcE7ehqDF+ExpyElWGdS301bI+7ORtW63bBzmMvEKUgdFWiPqt9uIEgSAdeEYaWGj1kgjpnFQGuQMY5BWiGdK4KDogFY+llkcZOIe+mViomIOkAe7iAWUs8qbqIgxmSCxzCMKM+iUa4tFnrpTf5qS7G4lFtTSXGwZGWU4wiUl+bnmZnHmRKYoZDZcG3maiWr7PwvuEx6pw3nonF+e1Zv1oryZXSEaugEOegSNdE1aqMuImiC3tEn+jLujRfj1Xj7Wy0ZxZ9DtADj4xeFHYme</latexit>{Cn}

Figure 1: Transmitter model.
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<latexit sha1_base64="QUF0rYtMlPCn3eMi0eX8DDC7fUc=">AAAB2HicZVDLSsNAFJ3UV62vqks3wSq4CCUVH9uCCG6EqH1hG8pkclPHTmbCzEQppeBOXLhxob/jb/g3TmM2tQcunDnnDpxzg4RRpV33xyosLC4trxRXS2vrG5tb5e2dlhKpJNAkggnZCbACRjk0NdUMOokEHAcM2sHwYuq3n0AqKnhDjxLwYzzgNKIEayPd9TzaL1fcqpvBnie1nFRQDq9f/u6FgqQxcE0YVqr7aMJwzBwGWoNMcALSiehUERwUDcHRz8JETWPujy9VQkTcAPJwC4mQelLqpQoSTIZ4AN2YchOLcu2wyB9fZy9PitmlzBpJisM5y1COY1D+ODvNxD40SmhHQprh2s7Ukqlc+19wnrSOq7Wz6unNSaV+kJcvoj20j45QDZ2jOrpCHmoiggboHX2iL+veerFerbe/1YKV/9lFM7A+fgGCGIfN</latexit>

Π

<latexit sha1_base64="gYBAL93Ex5XT+JPwWjU8AGRa1cY=">AAAB3XicZVDLSsNAFJ3UV62vqks3wSq4iCURH9uCCG6EKH1BG8tkclPHTmbCzEQpoUt34sKNC/0Yf8O/MY3Z1B64cOacO3DO9WNGlbbtH6O0sLi0vFJeraytb2xuVbd32kokkkCLCCZk18cKGOXQ0lQz6MYScOQz6Pijy6nfeQKpqOBNPY7Bi/CQ05ASrDOp23fpfXrsTAbVml23c5jzxClIDRVwB9XvfiBIEgHXhGGleo9ZIo6ZxUBrkDGOQVohnSqCg6IBWPpZZHmTiHvplYqJiJpAHu4gFlJPKv1EQYzJCA+hF1GeZaNcWyz00pv85Uoxu5RbY0lxMGdllOMIlJfm95mYh5kSmKGQ2XBt5molq+z8LzhP2id157x+dntaaxwU5ctoD+2jI+SgC9RA18hFLUQQQ+/oE30ZA+PFeDXe/lZLRvFnF83A+PgFuYyJsw==</latexit>

Π−�
<latexit sha1_base64="giWc7YEwuj2nJO2BP3//1nuJpj4=">AAAB6HicZVDLTgIxFL3jE/E16NINgZi4IGQwPrYkxsSNCRpeCRDS6Vyw0GmbtkgI4R/cGRduXOhv+Bv+jWVkg5yk6ek59ybnNFScGRsEP97a+sbm1nZqJ727t39w6GeO6kaONMUalVzqZkgMciawZpnl2FQaSRxybITDm7nfeEZtmBRVO1HYiUlfsB6jxDqp62faoeSRmcTumrbRklnXzwfFIEF2lZQWJA8LVLr+dzuSdBSjsJQTY1oDF04QXuBoLWpFFOpCj80VKdCwCAt2LF30USw601ujqIyrSJ8eUUltZ+n2yKAidEj62IqZcDGZsAXe60zvk1dFy+WhxJpoRqIVy1FBYjSdafJVs+ypU6JsT2p3hM0matpVLv0vuErq58XSVfHy4SJfzi3Kp+AEcnAGJbiGMtxBBWpAYQzv8Alf3sB78V69t7/RNW+xcwxL8D5+AfDOjpQ=</latexit>η <latexit sha1_base64="giWc7YEwuj2nJO2BP3//1nuJpj4=">AAAB6HicZVDLTgIxFL3jE/E16NINgZi4IGQwPrYkxsSNCRpeCRDS6Vyw0GmbtkgI4R/cGRduXOhv+Bv+jWVkg5yk6ek59ybnNFScGRsEP97a+sbm1nZqJ727t39w6GeO6kaONMUalVzqZkgMciawZpnl2FQaSRxybITDm7nfeEZtmBRVO1HYiUlfsB6jxDqp62faoeSRmcTumrbRklnXzwfFIEF2lZQWJA8LVLr+dzuSdBSjsJQTY1oDF04QXuBoLWpFFOpCj80VKdCwCAt2LF30USw601ujqIyrSJ8eUUltZ+n2yKAidEj62IqZcDGZsAXe60zvk1dFy+WhxJpoRqIVy1FBYjSdafJVs+ypU6JsT2p3hM0matpVLv0vuErq58XSVfHy4SJfzi3Kp+AEcnAGJbiGMtxBBWpAYQzv8Alf3sB78V69t7/RNW+xcwxL8D5+AfDOjpQ=</latexit>η

<latexit sha1_base64="KjDAyqPygokfvXIae47W2oKzHFM=">AAAB7XicZVDLSgMxFM34rPVVFdy4GVqEFkppxcfCTaEIuhCq9AWdYciktzU2k4QkVcvYz3AnLty40I/wN/wbp+Nsag9cODnnBs65vmRUm3L5x1pYXFpeWU2tpdc3Nre2Mzu7LS1GikCTCCZUx8caGOXQNNQw6EgFOPAZtP1hbeq3H0BpKnjDjCW4AR5w2qcEm0jyMvtOKD2er+WhcO4YeDLh1aTgTLxMrlwqx7DnSSUhOZSg7mW+nZ4gowC4IQxr3b2PEnLMigyMASWxBFXs06kiOGjag6J5FFH+UcDd8EJLIoIGkLtbkEKZSdoZaZCYDPEAugHlUVbKTZH13fA6ftWVmF2KrbGiuDdnRZTjALQbxvea2IeR0rP7QkXDjR2r6ahy5X/BedI6KlVOSyc3x7lqNimfQgcoi/Kogs5QFV2iOmoigp7RO/pEX5awXqxX6+1vdcFK/uyhGVgfv8UKj3k=</latexit>{pn(C(e); I)}
<latexit sha1_base64="ybHLKD8URjXqy5S/Jfks0MvqjGM=">AAAB2XicZVDLSsNAFJ34rPVVdekmtAgVQknEx7YgghuhSl/QhjKZ3LRjJzPDzEQppQt34sKNC/0cf8O/MY3Z1B64cOacO3DODSSj2rjuj7Wyura+sVnYKm7v7O7tlw4O21okikCLCCZUN8AaGOXQMtQw6EoFOA4YdILx9dzvPIHSVPCmmUjwYzzkNKIEm7mkquZ0UKq4NTeDvUy8nFRQjsag9N0PBUli4IYwrHXvMU3DMXMYGANKYgnKiehcERw0DcExzyLNmsTcn95oSUTcBDJ6ACmUmRX7iQaJyRgPoRdTnuai3Dgs8qd32auhxOJSZk0UxeGSlVKOY9D+NLvNzD5JldCOhEqHGztTi2ll73/BZdI+q3mXtYv780q9nJcvoGNURlXkoStUR7eogVqIoBF6R5/oy+pZL9ar9fa3umLlf47QAqyPX9iKh/c=</latexit>

r(t)
<latexit sha1_base64="qRDvoN99U8JnBa6hn0GzRuGR6T4=">AAAB33icZVDLSsNAFJ3UV62vqks3oUVwEUoqPrYFEdwIVfrCNpTJ5KYdO5kJMxOlhK7diQs3LvRb/A3/xmnMpvbAhTPn3IFzrh8zqrTr/liFldW19Y3iZmlre2d3r7x/0FEikQTaRDAhez5WwCiHtqaaQS+WgCOfQdefXM397hNIRQVv6WkMXoRHnIaUYG2kh0GE9dgPUzIblqtuzc1gL5N6TqooR3NY/h4EgiQRcE0YVqr/aDJxzBwGWoOMcQzSCelcERwUDcDRz8IkTiLupdcqJiJqARnfQyyknpUGiYIYkwkeQT+i3KSjXDss9NLb7NWUYnEps6aS4mDJMpTjCJSXZhea2cdGCexQSDNc25laMpXr/wsuk85prX5RO787qzYqefkiOkIVdILq6BI10A1qojYiiKN39Im+LGy9WK/W299qwcr/HKIFWB+/B9qLJQ==</latexit>c

<latexit sha1_base64="+u63NJawnu+ES4uY7m5Fz0WClIU=">AAAB33icZVDLSsNAFJ3UV62vqks3oUVwEUoqPrYFEdwIVfrCNpTJ5KYdO5kJMxOlhK7diQs3LvRb/A3/xmnMpvbAhTPn3IFzrh8zqrTr/liFldW19Y3iZmlre2d3r7x/0FEikQTaRDAhez5WwCiHtqaaQS+WgCOfQdefXM397hNIRQVv6WkMXoRHnIaUYG2kh0GE9dgP02Q2LFfdmpvBXib1nFRRjuaw/D0IBEki4JowrFT/0WTimDkMtAYZ4xikE9K5IjgoGoCjn4VJnETcS69VTETUAjK+h1hIPSsNEgUxJhM8gn5EuUlHuXZY6KW32aspxeJSZk0lxcGSZSjHESgvzS40s4+NEtihkGa4tjO1ZCrX/xdcJp3TWv2idn53Vm1U8vJFdIQq6ATV0SVqoBvURG1EEEfv6BN9Wdh6sV6tt7/VgpX/OUQLsD5+ASHwizc=</latexit> u <latexit sha1_base64="+u63NJawnu+ES4uY7m5Fz0WClIU=">AAAB33icZVDLSsNAFJ3UV62vqks3oUVwEUoqPrYFEdwIVfrCNpTJ5KYdO5kJMxOlhK7diQs3LvRb/A3/xmnMpvbAhTPn3IFzrh8zqrTr/liFldW19Y3iZmlre2d3r7x/0FEikQTaRDAhez5WwCiHtqaaQS+WgCOfQdefXM397hNIRQVv6WkMXoRHnIaUYG2kh0GE9dgP02Q2LFfdmpvBXib1nFRRjuaw/D0IBEki4JowrFT/0WTimDkMtAYZ4xikE9K5IjgoGoCjn4VJnETcS69VTETUAjK+h1hIPSsNEgUxJhM8gn5EuUlHuXZY6KW32aspxeJSZk0lxcGSZSjHESgvzS40s4+NEtihkGa4tjO1ZCrX/xdcJp3TWv2idn53Vm1U8vJFdIQq6ATV0SVqoBvURG1EEEfv6BN9Wdh6sV6tt7/VgpX/OUQLsD5+ASHwizc=</latexit> u

<latexit sha1_base64="nlPQmAxpxU3V+iTn2o4jRXIOH3g=">AAAB8HicZVDLSgMxFM3UV62vUVfiprQIFYbSio+Fm4IIuhCq2Ad0Sslk7tTYTDIkGbUMxd9wJy7cuNBf8Df8G9Oxm9oDF07OOYF7rhcxqnSl8mNl5uYXFpeyy7mV1bX1DXtzq6lELAk0iGBCtj2sgFEODU01g3YkAYceg5Y3OBv7rQeQigp+q4cRdEPc5zSgBGsj9ewdN3GZifu4R0vxqavhSSeXo3131LOLlXIlRX6WVCekiCao9+xv1xckDoFrwrBSnXuzJMfMYaA1yAhHIJ2AjhXBQVEfHP0oTIU45N3kXEVEhLdA7m4gElKPcm6sIMJkgPvQCSk361KuHRZ0k6v0VZdiOpRaQ0mxP2MZynEIqpukJxvl94zi5wMhzXCdT9WcqVz9X3CWNA/K1ePy0fVhsVaYlM+iXVRAJVRFJ6iGLlAdNRBBz+gdfaIvS1ov1qv19hfNWJM/22gK1scv5T+RWw==</latexit>{λ i(u; I)}

<latexit sha1_base64="leaAZu3D4VdRncoxtPpVhzoryNo=">AAAB8HicZVDLSgMxFM3UV62vUVfiprQIFYbSio+Fm4IIbsQq9gGdUjKZOzU2kwxJRi1D8TfciQs3LvQX/A3/xnTspvbAhZNzTuCe60WMKl2p/FiZufmFxaXscm5ldW19w97caioRSwINIpiQbQ8rYJRDQ1PNoB1JwKHHoOUNzsZ+6wGkooLf6mEE3RD3OQ0owdpIPXvHTVxm4j7u0VJ86mp40snVaN8d9exipVxJkZ8l1QkpognqPfvb9QWJQ+CaMKxU594syTFzGGgNMsIRSCegY0VwUNQHRz8KUyEOeTc5VxER4S2QuxuIhNSjnBsriDAZ4D50QsrNupRrhwXd5DJ91aWYDqXWUFLsz1iGchyC6ibpyUb5PaP4+UBIM1znUzVnKlf/F5wlzYNy9bh8dH1YrBUm5bNoFxVQCVXRCaqhC1RHDUTQM3pHn+jLktaL9Wq9/UUz1uTPNpqC9fEL7gORYQ==</latexit>{λ i(u; O)} <latexit sha1_base64="vTvjckIVVfHIOQq2beqQKJKZEAU=">AAAB8nicZVDLSgMxFM34rPVVddnN0CJUKKUVHws3BRF0IVTpCzplyGRua2wmGZKMWoZZ+BvuxIUbF/oH/oZ/Yzp2U3vgwsk5J3DP9UJGla5Wf6yFxaXlldXMWnZ9Y3NrO7ez21YikgRaRDAhux5WwCiHlqaaQTeUgAOPQccbnU/8zgNIRQVv6nEI/QAPOR1QgrWR3FzeiR1m4j52Y5qUxmeOhicdXyUHTuLmitVKNYU9T2pTUkRTNNzct+MLEgXANWFYqd69WZNjVmagNcgQhyDLAzpRBAdFfSjrR2FKRAHvxxcqJCJoArm7hVBInWSdSEGIyQgPoRdQbhamXJfZoB9fp6+GFLOh1BpLiv05y1COA1D9OD1aYu8bxbcHQprh2k7VrKlc+19wnrQPK7WTyvHNUbFemJbPoDwqoBKqoVNUR5eogVqIoGf0jj7Rl6WtF+vVevuLLljTP3toBtbHL7Lekms=</latexit>{λ i(y; I)}

<latexit sha1_base64="3b2Tz2+pfUaH1VBhrRn5DD0IXW4=">AAAB8nicZVDLSgMxFM34rPVVddnN0CJUKKUVHws3BRHciFX6gk4ZMpnbGptJhiSjlmEW/oY7ceHGhf6Bv+HfmI7d1B64cHLOCdxzvZBRpavVH2thcWl5ZTWzll3f2Nzazu3stpWIJIEWEUzIrocVMMqhpalm0A0l4MBj0PFG5xO/8wBSUcGbehxCP8BDTgeUYG0kN5d3YoeZuI/dmCal8Zmj4UnH18mBk7i5YrVSTWHPk9qUFNEUDTf37fiCRAFwTRhWqndv1uSYlRloDTLEIcjygE4UwUFRH8r6UZgSUcD78YUKiQiaQO5uIRRSJ1knUhBiMsJD6AWUm4Up12U26MdX6ashxWwotcaSYn/OMpTjAFQ/To+W2PtG8e2BkGa4tlM1ayrX/hecJ+3DSu2kcnxzVKwXpuUzKI8KqIRq6BTV0SVqoBYi6Bm9o0/0ZWnrxXq13v6iC9b0zx6agfXxC7uiknE=</latexit>{λ i(y; O)}
<latexit sha1_base64="EAIOZ2sUCLO//B/67a0xubt645U=">AAAB73icZVDLSgMxFM3UV62vUTeCm9IiVCilFR/bgghuhCptLXSGksncqbGZZEwyShnG33AnLty40G/wN/wb07Gb2gPhnpxzL9xzvYhRpev1Hyu3sLi0vJJfLaytb2xu2ds7XSViSaBDBBOy52EFjHLoaKoZ9CIJOPQY3Hqj84l/+whSUcHbehyBG+IhpwElWBtpYO85ieMJ5qtxaErigMZpBQ6ddGCX67V6huI8aUxJGU3RGtjfji9IHALXhGGl+vdmR45ZlYHWICMcgawGdKIIDor6UNVPwiSIQ+4mFyoiImwDubuBSEidFpxYQYTJCA+hH1JutqVcV1ngJlfZryXFbFNmjSXF/pxlKMchKDfJLpYWD4ziFwMhzeO6mKkFE7nxP+A86R7VGqe1k+vjcrM0DZ9H+6iEKqiBzlATXaIW6iCCntE7+kRf1oP1Yr1ab3+tOWs6s4tmYH38AqUekUA=</latexit>{η(e)}

<latexit sha1_base64="CaaFKP/PH5eDZNgXS/hj6WROU0o="></latexit>{Λ i(y; O)} � ŷ

<latexit sha1_base64="JInS0U7MwJtd1bIKiq05beqjdNk=">AAAB33icZVDLSsNAFJ3UV62vqks3oUVwEUoqPrYFEdwIVfrCNpTJ5KYdO5kJMxOlhK7diQs3LvRb/A3/xmnMpvbAhTPn3IFzrh8zqrTr/liFldW19Y3iZmlre2d3r7x/0FEikQTaRDAhez5WwCiHtqaaQS+WgCOfQdefXM397hNIRQVv6WkMXoRHnIaUYG2kh0GE9dgP0+lsWK66NTeDvUzqOamiHM1h+XsQCJJEwDVhWKn+o8nEMXMYaA0yxjFIJ6RzRXBQNABHPwuTOIm4l16rmIioBWR8D7GQelYaJApiTCZ4BP2IcpOOcu2w0Etvs1dTisWlzJpKioMly1COI1Beml1oZh8bJbBDIc1wbWdqyVSu/y+4TDqntfpF7fzurNqo5OWL6AhV0Amqo0vUQDeoidqIII7e0Sf6srD1Yr1ab3+rBSv/c4gWYH38Aie8izs=</latexit> y <latexit sha1_base64="JInS0U7MwJtd1bIKiq05beqjdNk=">AAAB33icZVDLSsNAFJ3UV62vqks3oUVwEUoqPrYFEdwIVfrCNpTJ5KYdO5kJMxOlhK7diQs3LvRb/A3/xmnMpvbAhTPn3IFzrh8zqrTr/liFldW19Y3iZmlre2d3r7x/0FEikQTaRDAhez5WwCiHtqaaQS+WgCOfQdefXM397hNIRQVv6WkMXoRHnIaUYG2kh0GE9dgP0+lsWK66NTeDvUzqOamiHM1h+XsQCJJEwDVhWKn+o8nEMXMYaA0yxjFIJ6RzRXBQNABHPwuTOIm4l16rmIioBWR8D7GQelYaJApiTCZ4BP2IcpOOcu2w0Etvs1dTisWlzJpKioMly1COI1Beml1oZh8bJbBDIc1wbWdqyVSu/y+4TDqntfpF7fzurNqo5OWL6AhV0Amqo0vUQDeoidqIII7e0Sf6srD1Yr1ab3+rBSv/c4gWYH38Aie8izs=</latexit> yCPM SISO
Demod

<latexit sha1_base64="qRDvoN99U8JnBa6hn0GzRuGR6T4=">AAAB33icZVDLSsNAFJ3UV62vqks3oUVwEUoqPrYFEdwIVfrCNpTJ5KYdO5kJMxOlhK7diQs3LvRb/A3/xmnMpvbAhTPn3IFzrh8zqrTr/liFldW19Y3iZmlre2d3r7x/0FEikQTaRDAhez5WwCiHtqaaQS+WgCOfQdefXM397hNIRQVv6WkMXoRHnIaUYG2kh0GE9dgPUzIblqtuzc1gL5N6TqooR3NY/h4EgiQRcE0YVqr/aDJxzBwGWoOMcQzSCelcERwUDcDRz8IkTiLupdcqJiJqARnfQyyknpUGiYIYkwkeQT+i3KSjXDss9NLb7NWUYnEps6aS4mDJMpTjCJSXZhea2cdGCexQSDNc25laMpXr/wsuk85prX5RO787qzYqefkiOkIVdILq6BI10A1qojYiiKN39Im+LGy9WK/W299qwcr/HKIFWB+/B9qLJQ==</latexit>c
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CPM–LDPC Decoder

Figure 2: Receiver model.

SYSTEM MODEL
The transmitter model is shown in Figure 1 and the corresponding receiver model is shown in
Figure 2. The transmitter allows for the insertion of a known bit sequence called the attached sync
marker (ASM) to help identify the beginning of each code word. Because the ASM is available, the
CPM SISO uses a small portion of the ASM (NWU bits) as a “warm up” in its forward/backward
trellis operations.

The receiver has the dual task of CPM demodulation and LDPC decoding. However, the de-
modulation task can be further subdivided into a traditional CPM demodulator that is positioned
outside the iterative decoding loop, and a CPM decoder that is located inside the iterative decoding
loop. The CPM demod operates directly on r(t), the signal received from the AWGN channel and
has no (zero) a priori information on its “u” input. Existing telemetry demodulators can be used
with only two minor modifications: (a) the matched filter (MF) outputs that are generated within,
{pn(C(e); I)}, are preserved and passed to the CPM SISO decoder so they can be “recycled” in
future decoding iterations; and (b) the CPM demodulator generates a soft output, and thus it is
described as a CPM SISO demod. Once the CPM SISO demod has demodulated to the end of the
received code word, its outputs are passed to the CPM–LDPC decoder, as shown in Figure 2. This
composite decoder conducts “global” iterations between the CPM and LDPC decoders, which are
separated by an interleaver/deinterleaver [3]. For the first global iteration, the CPM decoding task
was completed externally by the demod and that result is passed forward via the switch in position
“A.” For successive global iterations, the switch is placed in position “B” so that the CPM SISO
decoder’s updates are used. Within the global loop, when it is the LDPC decoder’s turn to execute,
it may perform one or more iterations in a “local” loop. Due to space limitations, it is not possible
to provide a comprehensive treatment of all the details pertaining to Figure 2.

It is important to emphasize that the first part of the CPM demodulation process takes place only
once and is positioned outside the global iterative loop. This traditional CPM demodulation process
is well understood and is responsible for the familiar tasks of timing, phase, frequency, and frame
(ASM) synchronization [4–7]. From there the CPM SISO decoder and the LDPC decoder take
turns exchanging and updating soft values in the form of log-likelihood ratios (LLRs), which are a
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specific kind of soft value that is scaled such that its “units” are meaningful in terms of probability
(see, for example, [8]). Because our LDPC codes are quasi-cyclic, we have implemented the
log-domain LDPC decoder in [8], which is straightforward to parallelize by a factor equal to the
circulant size of the quasi-cyclic code. Because there is less literature available on parallelizing the
CPM SISO decoder, we devote most of our development to that topic.

BASIC SISO OPERATIONS
The original development of the SISO module goes back to the BCJR algorithm in [9], although
our formulation more closely resembles the notation of [10]. We apply several adaptations and
customizations that are relevant to our application, including: (1) only one soft output is required,
that belonging to the bit stream {ui}; (2) the soft input for the “code” actually belongs to a CPM,
thus the metric increments must be formulated as they are for the CPM Viterbi algorithm; and (3)
the entire algorithm is formulated using values that reside in the log domain. There are no special
steps taken to arrive in the log domain. But just as is the case with the Viterbi algorithm, the raw
MF output are inherently in the log domain from a system analysis perspective, and so remaining
in the log domain greatly simplifies the SISO arithmetic (multiplication becomes addition, etc.).
The basic operations of the SISO module are given in Algorithms 1 and 2, where the former is spe-
cialized to the case of a binary (M = 2 symbol alphabet that carries n0 = 1 bit per symbol) CPM
(ARTM0 and ARTM1) and the latter is specialized to the case of a M = 4 symbol alphabet (n0 = 2
bits per symbol) CPM with a time-varying trellis (ARTM2). We will describe both formulations
simultaneously, which allows us to compare and contrast their similarities and differences.

Each edge (branch) in the CPM trellis is labeled with a unique value of the CPM “code” vari-
able, which has an integer or vector representation Cn ↔ cn. The various sub-components of
Cn ↔ cn can be stored in separate LUTs that are indexed by a given edge, e. The trellis diagrams
for all three modulations are shown in Figure 3, where each trellis has NE edges and NS states. The
first two LUTs are sS(e) and sE(e), which are the starting state and the ending state, respectively.
When there are multiple modulation indexes (Nh > 1), as in Algorithm 2, these two LUTs become
time varying and thus we add a time subscript, sS

n(e) and sE
n(e), which is understood to be taken

modulo-Nh. The remaining LUTs are: C(e), the code symbol for a given edge; u(e), which is
the length-n0 bit vector for a given edge, which corresponds to the current edge (branch) symbol
U0(e); u(e), u0(e), and u1(e), which are the elements (bits) of u(e) that are needed for the n0 = 1
and n0 = 2 cases.

The SISO module accepts two a priori soft inputs: one for the “code” sequence {Cn} and
one for the “information” sequence {ui}; it returns an extrinsic a posteriori soft output for the
information sequence. The {Cn} input is based on CPM symbols and uses a symbol index, n. The
{ui} input and output are based on LDPC encoded bits and use a bit index, i. These indexes cover
the following ranges −N ′

WU ≤ n ≤ N ′ +N ′
WU − 1

−NWU ≤ i ≤ N +NWU − 1
(1)

where N is the length of the LDPC code word and NWU ≤ NASM is the “warm-up” period for the
forward and backward recursions, with N ′ = N/n0, and N ′

WU = NWU/n0. At the beginning of the

As was mentioned earlier, C(e) = e, and thus this LUT is mentioned only for its conceptual value.
In our system, the true information sequence is {xi}; however, from the local perspective of the CPM modulator

and the SISO module, {ui} fills the role of the information sequence.
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algorithm, the sole interface between the bit and symbol indexes takes place at Algorithm 1 Line 6
(which is trivial for n0 = 1) and Algorithm 2 Lines 6–8 (which is more involved due to n0 = 2).

Once the received bit-based LLRs are grouped into symbol-based n0-tuples, λn(u; I), the mid-
dle portions of Algorithms 1 and 2 are entirely symbol based, i.e. the metric increment, γn(e),
and the forward and backward recursions that generate An(s) and Bn(s) involve variables that are
based exclusively on n. The forward recursion touches each ending state and performs an update
over the edges that merge into that ending state. For this, we define the “ending set” as

e(sE) ≜ {e : sE(e) = sE} (2)

which contains all edges such that the ending state of the edge is sE (M edge indexes in total).
Likewise, the backward recursion touches each starting state and performs an update over the M
edges that merge into that starting state, using the “starting set”

e(sS) ≜ {e : sS(e) = sS} (3)

(Extending these definitions to a time-varying trellis is straightforward.) The results of a single
forward or backward time step, {An(s)}NS−1

s=0 or {Bn(s)}NS−1
s=0 , respectively, represent an unnor-

malized log-based probability mass function (PMF). The absolute normalization of these PMFs
(i.e. that they are made to sum to unity in the linear domain) is not necessary because such normal-
ization would cancel out in the subtraction step at the end of the SISO module (e.g. Algorithm 1
Line 20). As such, the normalization called for in Algorithms 1 and 2 is for the narrow purpose
of preventing numerical overflow in a finite-precision implementation. This normalization can be
as simple as determining the maximum value over the set, and then subtracting this value from
all values in the set. In a floating-point implementation, normalization is unnecessary because the
finite block length (N ) is sufficiently short that overflow is unlikely.

The final step in the SISO module is the completion step, which forms the extrinsic output
LLRs. This step makes use of An(s) and Bn(s) from the forward and backward recursions, and an
extrinsic version of the metric increment, which excludes the LLR input. For n0 = 1 (Algorithm 1)
there is only one input value to exclude at each time step (compare Lines 7 and 16). For n0 = 2
(Algorithm 2), two separate extrinsic increments are formed, where each takes a turn excluding one
of the input values from the current time step (compare Line 9 and Lines 18–19). Each extrinsic
output LLR value is formed by marginalizing the PDF over the proper sets of edges for u = 0 and
u = 1. This is done once (n0 = 1) each time step for Algorithm 1 and twice (n0 = 2) each time
step for Algorithm 2. Again, as was just pointed out, this subtraction in the log domain is “self
normalizing” and yields accurate LLRs regardless of the scale of the input arguments.

The basic operator within the SISO module is “log-based addition,” or “max star”
max⋆(a, b) ≜ ln(ea + eb) = max(a, b) + f(a− b) (4)

where max(a, b) is the simple maximum value between a and b and the “correction term” is
f(x) = ln(1 + e−|x|) (5)

A low-complexity version of the SISO module is obtained when we drop the correction term and
replace all instances of max⋆(a, b) with max(a, b), which is known as the “max–log” SISO and
has a minor performance loss of less than a half dB relative to the optimal version.
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Figure 3: Trellis diagrams for (a) ARTM0 and (b) ARTM1. For ARTM2, which has a time-varying trellis,
we have (c) for even symbol indexes (n-even) and (d) for odd symbol indexes (n-odd). The values of the
starting state, sS, are shown on the left-hand side of each trellis, and the values of the ending state, sE, are
shown on the right-hand side. The ARTM1 trellis can be decomposed into two separate 2-state “butterflies,”
and for ARTM2 they can be decomposed into 16 separate 4-state “butterflies,” the first two of which are
shown in green and blue. 5



A-TYPE PARALLELIZATION OF THE SISO MODULE

The SISO module can be envisioned as having a time dimension and a state/edge dimension. The
three main steps of the algorithm (i.e. forward, backward, and completion) each consist of an outer
“for” loop that steps through time, and an inner “for” loop that steps through the states/edges. We
now outline two distinct parallelization strategies that can be applied to the SISO module. The
first offers a way to parallelize the time dimension, and the second offers a way to parallelize the
state/edge dimension.

In [11], several possible parallelization schemes are presented for the Viterbi algorithm, which
is similar to the SISO module. We select the one described as algorithmic parallelization and refer
to it as A-type. The basic idea is to divide the received code word into PA segments (that overlap to
a small degree), and then process these segments in parallel; thus achieving a parallelization factor
of approximately PA.

Our received code word has a length of N bits and we allow a SISO warm-up period of NWU

bits on either side of this word, for a total length of N + 2NWU bits. In terms of CPM symbols,
we have N ′ = N/n0, N ′

WU = NWU/n0, and a total length of N ′ + 2N ′
WU symbols. To form the

overlapping segments, we divide the code word portion by PA, i.e. NP = N/PA and N ′
P = N ′/PA,

and allow each segment to have the full warm-up period of NWU bits (N ′
WU symbols). The symbol

and bit indexes that comprise the “base” segment are, respectively,
−N ′

WU ≤ nP ≤ N ′
P +N ′

WU − 1

−NWU ≤ iP ≤ NP +NWU − 1
(6)

and the indexes for the p-th segment are obtained with the offset
nP + pN ′

P

iP + pNP
(7)

where p ∈ {0, 1, . . . , PA−1}. A “vectorized” version of the metric increment is formed by stacking
values from each segment together as in

γnP
(e) = [γnP(e), γnP+N ′

P
(e), . . . , , γnP+(PA−1)N ′

P
(e)]T (8)

From there, the forward/backward/completion steps take place over the shortened index interval
in (6) and generate “vectorized” quantities, AnP(s

E), BnP(s
S), and λiP(u;O). The vector oper-

ator max⋆(a,b) is applied on an element-by-element basis, which is a segment-by-segment ba-
sis in this context. After completion, the values in {λiP(u;O)}NP−1

iP=0 can be “unstacked” to yield
{λi(u;O)}N−1

i=0 . The number of time steps required by the completion step is reduced by a factor of
exactly PA. The forward and backward steps each have a warm-up interval of the original length,
N ′

WU , and so these are reduced by a factor of
N +NWU

N/PA +NWU

(9)

which approaches PA as N becomes very large relative to NWU .

B-TYPE PARALLELIZATION OF THE SISO MODULE

The state/edge processing can be parallelized by organizing the arguments of the forward/backward
and completion steps in groups that can be processed together. One trellis structure that can be

6



exploited is a “butterfly,” which is defined as a sub-trellis of starting states, ending states, and
connecting edges that is disjoint from the rest of the trellis. For example, the ARTM1 trellis in
Figure 3 (b) can be decomposed into two separate 2-state butterflies (shown in green and blue), and
the ARTM2 trellis in Figures 3 (c) and (d) can be decomposed into 16 separate 4-state butterflies
(two of which are shown in green and blue). We refer to this as B-type parallelization.

Because of the size of the ARTM2 trellis and the impact that parallelization can have on its
throughput, we use this as a detailed case study. In our implementation, we format An(·), Bn(·),
and γn(·) large, contiguous arrays. We are able to stride through these arrays in either a scalar or
vector fashion. For example, An(s

E), Bn(s
S), and γn(e), use n as the time index, and within each

time slice, sE, sS, and e, respectively, index the scalar values. If we treat these arrays as a collection
of length-PB vectors, then An(v), Bn(v), and γn(v) use n as the time index and v as the generic
index for each length-PB vector within each time slice.

Using the first butterfly in Figure 3 (c) as an example (shown in green), the forward recursion
for sE ∈ {0, 1, 2, 3}, which is vector index v = 0 using PB = 4, can be formulated as

An(0) =max⋆
{

rep4(An−1(0))+γn(0), rep4(An−1(7))+γn(7),

rep4(An−1(26))+γn(26), rep4(An−1(45))+γn(45)
} (10)

where x = repPB
(x) replicates the scalar quantity x a total of PB times, forming a length-PB vector

x. Similar formulas can be derived for the remaining butterflies. Likewise, a similar formulation is
available for the backward recursion. The end result is that PB = 4 states are updated in parallel and
the forward/backward recursions require only 16 vector-based updates at each time step, instead
of the original NS = 64 scalar-based updates.

As was implied in (10), our edge metrics are stored in sequential edge order as viewed from
the left-hand side of the trellis, e.g. γn(0) accesses the first PB edge metrics. For the completion
step, we assemble the input arguments (one per edge) in this same edge order, with the caveat that
we interleave length-PB vectors pertaining to Algorithm 2 Lines 23 and 23, like so for the trellis
in Figure 3 (c):

M(0) = rep4(An−1(0)) + χ(0)
n (0) +Bn(0) (11)

M(1) = rep4(An−1(0)) + χ(1)
n (0) +Bn(0) (12)

M(2) = rep4(An−1(1)) + χ(0)
n (1) +Bn(5) (13)

M(3) = rep4(An−1(1)) + χ(1)
n (1) +Bn(5) (14)

...

M(126) = rep4(An−1(63)) + χ(0)
n (63) +Bn(14) (15)

M(127) = rep4(An−1(63)) + χ(1)
n (63) +Bn(14) (16)

where M(·) is an array with 128 length-4 vector terms, which has a scalar length of 2 ·NE = 512
terms. This array is divided in half, and the two halves are processed in a massive element-by-
element max⋆{·, ·} vector operation to yield a length-256 scalar result. This halving and process-
ing can be repeated until a length-8 scalar result is obtained (a total of six halving and processing
steps). This marginalization yields 8 scalars that constitute two separate 4-ary log-domain extrinsic
PMFs for Un. The first of these extrinsic 4-ary PMFs is marginalized into the LLR λ2n(u;O) (the
step required by Algorithm 2 Line 23) and the second extrinsic 4-ary PMF is marginalized into the
LLR λ2n+1(u;O) (the step required by Algorithm 2 Line 26).
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This example shows how B-type parallelization by a factor of PB = 4 has a natural application
to ARTM2, which has M = 4. Similar techniques can be applied to ARTM0 and ARTM1 with
PB = 2 to match their M = 2. Even though the ARTM0 trellis in Figure 3 (a) does not have a
butterfly structure, it is still possible to group terms in ways that can be processed in parallel.

COMBINED PARALLELIZATION
As we have just outlined, A-type parallelization is applied external to the SISO module with near-
negligible impact on the algorithm architecture, while B-type parallelization is applied internal to
the SISO module by specializing the processing steps to the particular trellis structure at hand.

Our prototyping platform offers a simple means of single instruction, multiple data (SIMD)
parallel processing using 128-bit words. This is via the architecture known as streaming SIMD
extensions (SSE), which is available on Intel processors. Our platform is a 2021 MacBook Pro,
which has an M1 processor (ARM architecture), which uses a similar 128-bit SIMD scheme called
Neon. Our C++ code was written with the “sse2neon.h” header file, which allowed us to write
SSE-based code that actually calls the equivalent Neon instructions. By selecting a 16-bit fixed-
point integer (i.e. “short int”) scalar data type, we are able to achieve 8-way parallelization with a
128-bit wide vector.

For ARTM0 and ARTM1, A-type parallelization is applied externally by a factor of PA =
4. Internal to the SISO module, this means that when “scalars” are handled (replicated, copied,
etc) they are 64 bits wide, whereas vectors are 128 bits wide with PB = 2 “scalars” each. Any
mathematical operations (max⋆, addition, subtraction) are performed element-by-element on 16-
bit elements in a 128-bit vector. When SISO execution is finished, the PA = 4 formatting is undone
externally, and the results are sent to the LDPC decoder.

For ARTM2, A-type parallelization is applied externally by a factor of PA = 2. Internal to
the SISO module, this means that when “scalars” are handled (replicated, copied, etc) they are 32
bits wide, whereas vectors are 128 bits wide with PB = 4 “scalars” each. However, as before, any
mathematical operations are performed element-by-element on 16-bit elements in a 128-bit vector.

The combined parallelization factor, FP, is PB times the term in (9), which is a value that is
close to (but less than) 8 due to the warm-up overhead. Our observation is that a trellis of many
states requires a longer warm-up interval to reach the “steady state.” The values of NWU we use in
our system are 24, 8, and 64, respectively, for ARTM0, ARTM1, and ARTM2.

BER PERFORMANCE, EXECUTION SPEED, AND CONCLUSION

Figure 4 shows bit error rate (BER) simulations for the 18 LDPC codes (six codes times three
modulations) that were produced in this study and Table 1 lists their coding gains, which range
from 7.0 to 10.8 dB! The coding gains are denoted as ∆0, ∆1, and ∆2 [in dB] for ARTM0,
ARTM1, and ARTM2, respectively, and use the uncoded BER = 10−8 crossing points of Eb/N0 ∈
{10.8, 12.9, 13.3} dB as a reference. The gains are comparable across the code and modulation
types, which validates the consistency of the design approach.

Table 1 also lists the number of global iterations per second (GIPS) achieved by our software
prototype: GIPS0, GIPS1, and GIPS2, respectively, for ARTM0, ARTM1, and ARTM2. The pro-
totype was set for a single local (LDPC) iteration per global iteration, although these parameters
are an important subject of future study. The prototype was compiled and executed in two config-
urations: (a) single-precision floating-point scalar, and (b) 16-bit fixed-point integer with 8-way
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Table 1: Global Iterations per second (GIPS) and Coding Gains of the LDPC–CPM Codes.
K R N GIPS0 GIPS1 GIPS2 ∆0 ∆1 ∆2

1024 4/5 1280 2880, 9250 (3.2x) 5250, 13.1k (2.5x) 550, 3170 (5.8x) 7.6 7.9 7.0
1024 2/3 1536 2320, 9250 (4.0x) 4130, 13.1k (3.2x) 420, 2890 (6.9x) 8.6 9.1 8.6
1024 1/2 2048 1560, 6880 (4.4x) 3190, 11.4k (3.6x) 280, 2270 (8.1x) 9.1 9.9 9.3
4096 4/5 5120 725, 2630 (3.6x) 1340, 4190 (3.2x) 140, 910 (6.5x) 8.7 9.1 8.1
4096 2/3 6144 550, 2320 (4.2x) 1080, 3750 (3.5x) 110, 810 (7.4x) 9.5 10.1 9.5
4096 1/2 8192 380, 1840 (4.8x) 790, 3060 (3.8x) 70, 600 (8.6x) 9.9 10.8 10.2
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k=1024, R=1/2
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Figure 4: BER curves for the six block sizes and code rates in Table 1. The legend identifies the six
cases, however, each modulation type has its own family of six curves: the ARTM0 set is the left-most, the
ARTM2 set is the right-most, and the ARTM1 set is in the middle. The coding gains (relative to the uncoded
cases at BER = 10−8) are listed in Table 1 as ∆0, ∆1, and ∆2 [in dB] for ARTM0, ARTM1, and ARTM2,
respectively.
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8-way parallelization (as presented earlier). The table lists two GIPS value for each case, (a), (b),
respectively. The parallelization throughput gain is most pronounced for ARTM2, ranging from
6x to 8x. It was less pronounced for ARTM 1 (2.5x to 4x) and ARTM0 (3.2x to 5x), which is
likely due to areas of “overhead” that were not parallelized, such as the MF bank. Although higher
throughputs would be expected on dedicated hardware, these execution speeds on our software
prototype are sufficient to support data links in the 5–10 Mbps range. Furthermore, our software
decoder has a high enough throughput to simulate down to very low BERs, especially with multiple
instances running simultaneously on a multi-core processor (all BER curves in Figure 4 were
generated with our high-throughput fixed-point configuration). These high-throughput fixed-point
simulations clearly demonstrate that an optimized FPGA design in current receiver hardware is
realizable.

In future work, we plan to refine and finalize a specific LDPC code for each of the above cases,
i.e. 18 pairs of H and G, that can be considered for the IRIG-106 standard. Final BER results and
other details (parameter optimizations, etc.) will be published at a later date.

Overall, these LDPC codes paired with ARTM0 (PCM/FM) and ARTM 2 (ARTM CPM) can
be considered to fill in the “missing” LDPC coding options in the current version of IRIG-106.
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Algorithm 1 Log-Based SISO APP Algorithm
for M=2 (n0=1).
1: Input: {pn(C(e); I)}, for −N ′

WU ≤ n ≤ N ′+N ′
WU−

1, the received a priori PMFs from the CPM MF bank;
2: Input: {λi(u; I)}, for −NWU ≤ i ≤ N + NWU − 1,

the a priori LLRs from the LDPC decoder;
3: Output: {λi(u;O)}, for 0 ≤ i ≤ N − 1, the extrinsic

a posteriori LLRs;
4: Initialization: A−N ′

WU−1(s) = 0 for 0 ≤ s ≤ NS − 1;
5: Initialization: BN ′+N ′

WU−1(s)=0 for 0 ≤ s ≤ NS−1;
Metric Increment:

6: λn(u; I) = [λn(u; I)]T , for all n;
7: γn(e) = −[λn(u; I)]Ta2(u(e))/2 + pn(C(e); I);

Forward and Backward Recursions:
8: for n = −N ′

WU , . . . , N
′ − 3, N ′ − 2 do

9: An(s
E) = max⋆

e∈e(sE)

{
An−1(s

S(e)) + γn(e)
}

, ∀sE;

10: Normalize {An(s)}NS−1
s=0

11: end for
12: for n = N ′ +N ′

WU − 2, . . . , 1, 0 do
13: Bn(s

S) = max⋆
e∈e(sS)

{
Bn+1(s

E(e))+γn+1(e)
}

, ∀sS;

14: Normalize {Bn(s)}NS−1
s=0

15: end for
Extrinsic Increment:

16: χn(e) = pn(C(e); I);
Completion Step:

17: for n = 0, 1, . . . , N ′ − 1 do
18: λn(u;O) =
19: max⋆

e:u(e)=0

{
An−1(s

S(e)) + χn(e) +Bn(s
E(e))

}
20: − max⋆

e:u(e)=1

{
An−1(s

S(e)) + χn(e) +Bn(s
E(e))

}
;

21: end for

Algorithm 2 Log-Based SISO APP Algorithm
for M=4 (n0=2) and a time-varying trellis.
1: Input: {pn(C(e); I)}, for −N ′

WU ≤ n ≤ N ′+N ′
WU−

1, the received a priori PMFs from the CPM MF bank;
2: Input: {λi(u; I)}, for −NWU ≤ i ≤ N + NWU − 1,

the a priori LLRs from the LDPC decoder;
3: Output: {λi(u;O)}, for 0 ≤ i ≤ N − 1, the extrinsic

a posteriori LLRs;
4: Initialization: A−N ′

WU−1(s) = 0 for 0 ≤ s ≤ NS − 1;
5: Initialization: BN ′+N ′

WU−1(s)=0 for 0 ≤ s ≤ NS−1;
Metric Increment:

6: λ(0)
n (u; I) = [λ2n(u; I), 0 ]T , for all n;

7: λ(1)
n (u; I) = [ 0, λ2n+1(u; I)]T , for all n;

8: λn(u; I) = λ(0)
n (u; I) + λ(1)

n (u; I);
9: γn(e) = −[λn(u; I)]Ta2(u(e))/2 + pn(C(e); I);

Forward and Backward Recursions:
10: for n = −N ′

WU , . . . , N
′ − 3, N ′ − 2 do

11: An(s
E) = max⋆

e∈e(sE)

{
An−1(s

S
n(e)) + γn(e)

}
, ∀sE;

12: Normalize {An(s)}NS−1
s=0

13: end for
14: for n = N ′ +N ′

WU − 2, . . . , 1, 0 do
15: Bn(s

S) = max⋆
e∈e(sS)

{
Bn+1(s

E
n(e))+γn+1(e)

}
, ∀sS;

16: Normalize {Bn(s)}NS−1
s=0

17: end for
Extrinsic Increments:

18: χ
(0)
n (e) = −[λ(1)

n (u; I)]Ta2(u(e))/2 + pn(C(e); I);
19: χ

(1)
n (e) = −[λ(0)

n (u; I)]Ta2(u(e))/2 + pn(C(e); I);
Completion Step:

20: for n = 0, 1, . . . , N ′ − 1 do
21: λ2n(u;O) =
22: max⋆

e:u0(e)=0

{
An−1(s

S
n(e)) + χ(0)

n (e) +Bn(s
E
n(e))

}
23: − max⋆

e:u0(e)=1

{
An−1(s

S
n(e)) +χ(0)

n (e) +Bn(s
E
n(e))

}
;

24: λ2n+1(u;O) =
25: max⋆

e:u1(e)=0

{
An−1(s

S
n(e)) + χ(1)

n (e) +Bn(s
E
n(e))

}
26: − max⋆

e:u1(e)=1

{
An−1(s

S
n(e))+χ(1)

n (e)+Bn(s
E
n(e))

}
;

27: end for
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