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Abstract. In this paper we discuss four kinds of missing attribute val-
ues: lost values (the values that were recorded but currently are un-
available), ”do not care” conditions (the original values were irrelevant),
restricted ”do not care” conditions (similar to ordinary ”do not care”
conditions but interpreted differently, these missing attribute values may
occur when in the same data set there are lost values and ”do not care”
conditions), and attribute-concept values (these missing attribute values
may be replaced by any attribute value limited to the same concept).
Through the entire paper the same calculus, based on computations of
blocks of attribute-value pairs, is used. Incomplete data are character-
ized by characteristic relations, which in general are neither symmetric
nor transitive. Lower and upper approximations are generalized for data
with missing attribute values. Finally, some experiments on different in-
terpretations of missing attribute values and different approximation def-
initions are cited.

Keywords: Incomplete data sets, lost values, ”do not care” conditions,
attribute-concept values, blocks of attribute-value pairs, characteristic
sets, characteristic relations.

1 Introduction

Using standard rough set theory we may describe complete data sets, i.e., data
sets in which all attribute values are given. However, many real-life data sets are
incomplete, i.e., some attribute values are missing. Recently rough set theory was
extended to handle incomplete data sets (i.e., data sets with missing attribute

We will consider four kinds of missing attribute values [7]. The first kind of
missing attribute value will be called lost. A missing attribute value is lost when
for some case (example, object) the corresponding attribute value was mistakenly
erased or the entry into the data set was forgotten. In these cases the original
value existed, but for a variety of reasons now it is not accessible.

The next three kinds of missing attribute values, called ”do not care” condi-
tions, restricted ”do not care” conditions and attribute-concept values are based
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on an assumption that these values were initially, when the data set was cre-
ated, irrelevant. For example [7], in a medical setup, patients were subjected to
preliminary tests. Patients whose preliminary test results were negative were di-
agnosed as not affected by a disease. They were perfectly well diagnosed in spite
of the fact that not all tests were conducted on them. Thus some test results
are missing because these tests were redundant. In different words, a missing
attribute value of this kind may be potentially replaced by any value typical for
that attribute. This kind of a missing attribute value will be called a ”do not
care” condition. Restricted ”do not care” conditions are defined in the next sec-
tion. In our last case, a missing attribute value may be replaced by any attribute
value limited to the same concept. For example [7], if a patient was diagnosed
as not affected by a disease, we may want to replace the missing test (attribute)
value by any typical value for that attribute but restricted to patients in the
same class (concept), i.e., for other patients not affected by the disease. Such
missing attribute value will be called attribute-concept value.

Two special data sets with missing attribute values were extensively studied:
in the first case, all missing attribute values are lost, in the second case, all miss-
ing attribute values are ordinary ”do not care” conditions. Incomplete decision
tables in which all attribute values are lost, from the viewpoint of rough set
theory, were studied for the first time in [I0], where two algorithms for rule in-
duction, modified to handle lost attribute values, were presented. This approach
was studied later, e.g., in [I7I8], where the indiscernibility relation was gener-
alized to describe such incomplete decision tables.

On the other hand, incomplete decision tables in which all missing attribute
values are ”do not care” conditions, from the view point of rough set theory,
were studied for the first time in [2], where a method for rule induction was
introduced in which each missing attribute value was replaced by all values from
the domain of the attribute. Originally [2] such values were replaced by all values
from the entire domain of the attribute, later [], by attribute values restricted
to the same concept to which a case with a missing attribute value belongs. Such
incomplete decision tables, with all missing attribute values being ”do not care
conditions”, were broadly studied in [12/13], including extending the idea of the
indiscernibility relation to describe such incomplete decision tables.

In general, incomplete decision tables are described by characteristic relations,
in a similar way as complete decision tables are described by indiscernibility re-
lations [4U51617].

In rough set theory, one of the basic notions is the idea of lower and upper
approximations. For complete decision tables, once the indiscernibility relation
is fixed and the concept (a set of cases) is given, the lower and upper approxi-
mations are unique.

For incomplete decision tables, for a given characteristic relation and concept,
there are three important and different possibilities to define lower and upper
approximations, called singleton, subset, and concept approximations [4J5I6/7].
Singleton lower and upper approximations were studied in [T2JT3IT6/T7IT8]. Note
that similar three definitions of lower and upper approximations, though not for
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incomplete decision tables, were studied in [14J20]. As it was observed in [45]6l/7],
singleton lower and upper approximations are not applicable in data mining.

2 Blocks of Attribute-Value Pairs

We assume that the input data sets are presented in the form of a decision table.
An example of a decision table is shown in Table 1. Rows of the decision table

Table 1. An incomplete decision table

Attributes Decision
Case Capacity Noise Size Quality
1 two - compact high
2 four * * high
3 ? medium medium low
4 + low compact low
5 four ? medium high
6 - medium full low
7 five low full high

represent cases, while columns are labeled by wvariables. The set of all cases will
be denoted by U. In Table 1, U = {1, 2, ..., 7}. Independent variables are called
attributes and a dependent variable is called a decision and is denoted by d. The
set of all attributes will be denoted by A. In Table 1, A = {Capacity, Noise,
Size}. Any decision table defines a function p that maps the direct product of U
and A into the set of all values. For example, in Table 1, p(1, Capacity) = two. A
decision table with an incompletely specified function p will be called incomplete.

For the rest of the paper we will assume that all decision values are specified,
i.e., they are not missing. Also, we will assume that lost values will be denoted
by 7?7, ”do not care” conditions by ”*”, restricted ”do not care” conditions by
747 and attribute-concept values by ”—”. Additionally, we will assume that for
each case at least one attribute value is specified.

An important tool to analyze complete decision tables is a block of the
attribute-value pair. Let a be an attribute, i.e., a € A and let v be a value
of a for some case. For complete decision tables if t = (a, v) is an attribute-value
pair then a block of t, denoted [t], is a set of all cases from U that for attribute
a have value v. For incomplete decision tables the definition of a block of an
attribute-value pair must be modified in the following way:

)

corresponding value is lost, then the case x should not be included in any
blocks[(a, v)] for all values v of attribute a,

— If for an attribute a there exists a case z such that p(x,a) =7, i.e., the
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— If for an attribute a there exists a case x such that the corresponding value
is a "do not care” condition or a restricted "do not care” condition, i.e.,
p(z,a) = * or p(xz,a) = +, then the case = should be included in blocks
[(a,v)] for all specified values v of attribute a,

— If for an attribute a there exists a case x such that the corresponding value
is an attribute-concept value, i.e., p(z,a) = —, then the corresponding case
x should be included in blocks [(a, v)] for all specified values v € V(z,a) of
attribute a, where

V(z,a) ={p(y,a) | p(y, a) is specified, y € U, p(y,d) = p(z,d)}.

In Table 1, for case 1, p(1, Noise) = —, and V (1, Noise) = {low}, so we add case
1 to [(Noise, low)]. For case 2, p(2, Temperature) = %, hence case 2 is included
in both sets: [(Noise, medium)] and [(Noise, low)]. Similarly, p(2, Size) = x,
hence case 2 is included in all three sets: [(Size, compact)], [(Size, medium)],
and [(Size, full)].

Furthermore, p(3, Headache) = ?, so case 3 is not included in [(Capacity,
two)], [(Capacity, four)] and [(Capacity, five)]. For case 4, p(4, Capacity) = +,
so case 4 is included in [( Capacity, two)], [( Capacity, four)], and [( Capacity, five)].
Also, p(5, Noise) =7, so case 5 is not in [(Noise, medium)] and [(Noise, low)].
Finally, p(6, Capacity) = —, and V (6, Capacity) = () so case 6 is not included
in [(Capacity, two)], [(Capacity, four)], and [( Capacity, five)]. Thus,

[(Capacity, two)] = {1, 4},
[(Capacity, four)] = {2, 4, 5},
[(Capacity, five)] = {4, T},
[(Noise, medium)] = {2, 3, 6},
[(Noise, low)] = {1, 2, 4, 7},
[(Size, compact)] = {1, 2, 4},
[(Size, medium)] = {2, 3, 5},
[(Size, full)] = {2, 6, 7}.

For a case x € U the characteristic set Kp(z) is defined as the intersection of
the sets K (x, a), for alla € B, where the set K (z, a) is defined in the following way:

— If p(x, a) is specified, then K (z,a) is the block [(a, p(z, a)] of attribute a and
its value p(z,a),

— If p(z,a) =7 or p(z,a) = * then the set K(z,a) = U,

— If p(x,a) = +, then K(x,a) is equal to the union of all blocks of (a,v), for
all specified values v of attribute a,

— If p(x,a) = —, then the corresponding set K(z,a) is equal to the union
of all blocks of attribute-value pairs (a,v), where v € V(x,a) if V(x,a) is
nonempty. If V(x,a) is empty, K(z,a) =U.

For Table 1 and B = A,

Ka(l)={1,4} n{1,2,4,7}n{1,2,4} = {1,4},
Ka(2) = {2,4,5'nUNU = {2,4,5},
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Ka(3)=UnN{2,3,61N1{2,3,5) = {2,3},

Ka(d) = ({1,4}U{2,4,5} U {4, 7}) N {1,2,4,7} 0 {1,2,4} = {1,2,4},
Ka(5)

K 4(6)

{2,4,5}NUN{2,3,5} = {2,5},
=UnN{2,3,6}N{2,6,7} = {2,6}, and
Ka(7)={4,7}n{1,2,4, 741 {2,6,7} = {7}.

Characteristic set Kp(z) may be interpreted as the set of cases that are indis-
tinguishable from x using all attributes from B and using a given interpretation
of missing attribute values. Thus, K4(z) is the set of all cases that cannot be
distinguished from z using all attributes.

The characteristic relation R(B) is a relation on U defined for z,y € U as
follows

(z,y) € R(B) if and only if y € Kp(z).

Thus, the relation R(B) may be defined by (x,y) € R(B) if and only if y is indis-
tinguishable from z by all attributes from B. The characteristic relation R(B) is
reflexive but—in general—does not need to be symmetric or transitive. Also, the
characteristic relation R(B) is known if we know characteristic sets K () for all
xz € U. In our example, R(A) = {(1, 1), (1, 4), (2, 2), (2, 4), (2, 5), (3, 2), (3, 3),
(4, 1), (4, 2), (4, 4), (5, 2), (5,5), (6, 2), (6, 6), (7, 7)}. The most convenient way
is to define the characteristic relation through the characteristic sets.

For decision tables, in which all missing attribute values are lost, a special char-
acteristic relation was defined in [I7], see also, e.g., [I§]. For decision tables where
all missing attribute values are ”do not care” conditions a special characteristic
relation was defined in [12], see also, e.g., [13]. For a completely specified decision
table, the characteristic relation R(B) is reduced to the indiscernibility relation.

3 Definability

For completely specified decision tables, any union of elementary sets of B is
called a B-definable set [15]. Definability for completely specified decision tables
should be modified to fit into incomplete decision tables. For incomplete decision
tables, a union of some intersections of attribute-value pair blocks, where such
attributes are members of B and are distinct, will be called B-locally definable
sets. A union of characteristic sets Kp(z), where + € X C U will be called
a B-globally definable set. Any set X that is B-globally definable is B-locally
definable, the converse is not true. For example, the set {4} is A-locally definable
since {4} = [(Capacity, five)] N [(Size, compact)]. However, the set {4} is not
A-globally definable. Obviously, if a set is not B-locally definable then it cannot
be expressed by rule sets using attributes from B. This is why it is so important
to distinguish between B-locally definable sets and those that are not B-locally
definable.

4 Lower and Upper Approximations

For completely specified decision tables lower and upper approximations are
defined on the basis of the indiscernibility relation. Let X be any subset of the
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set U of all cases. The set X is called a concept and is usually defined as the
set of all cases defined by a specific value of the decision. In general, X is not a
B-definable set. However, set X may be approximated by two B-definable sets,
the first one is called a B-lower approzimation of X, denoted by BX and defined
as follows

{xeU|z]p C X}

The second set is called a B-upper approzimation of X, denoted by BX and
defined as follows
{zeU|[zlpNX #0}.

The above shown way of computing lower and upper approximations, by con-
structing these approximations from singletons x, will be called the first method.
The B-lower approximation of X is the greatest B-definable set, contained in X.
The B-upper approximation of X is the smallest B-definable set containing X.
As it was observed in [I5], for complete decision tables we may use a second
method to define the B-lower approximation of X, by the following formula

U{lzls |2 € U, [a]p € X},

and the B-upper approximation of z may be defined, using the second method,
by
U{lz]p |z €U, [z]p N X # 0}.

Obviously, for complete decision tables both methods result in the same respec-
tive sets, i.e., corresponding lower approximations are identical, and so are upper
approximations.

For incomplete decision tables lower and upper approximations may be de-
fined in a few different ways. In this paper we suggest three different definitions
of lower and upper approximations for incomplete decision tables. Again, let X
be a concept, let B be a subset of the set A of all attributes, and let R(B) be
the characteristic relation of the incomplete decision table with characteristic
sets K (x), where z € U. Our first definition uses a similar idea as in the pre-
vious articles on incomplete decision tables [T2IT3IT7ITE], i.e., lower and upper
approximations are sets of singletons from the universe U satisfying some prop-
erties. Thus, lower and upper approximations are defined by analogy with the
above first method, by constructing both sets from singletons. We will call these
approximations singleton. A singleton B-lower approximation of X is defined as
follows:

BX={xeU]| Kp(zx) C X}.

A singleton B-upper approximation of X is
BX ={zeU| Kgp(z)nX #0}.

In our example of the decision table presented in Table 1 let us say that B = A.
Then the singleton A-lower and A-upper approximations of the two concepts:
{1, 2, 4, 8} and {3, 5, 6, 7} are:

A{1,2,5,7} = {5,7},
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4{37 43 6} = (Z)v
Z{17 27 57 7} = U?
A{3,4,6} = {1,2,3,4,6}.
We may easily observe that the set {5, 7} = A{1, 2,5, 7} is not A-locally definable
since in all blocks of attribute-value pairs cases 2 and 5 are inseparable. Thus, as
it was observed in, e.g., [4J5I67], singleton approximations should not be used,
in general, for data mining and, in particular, for rule induction.

The second method of defining lower and upper approximations for complete
decision tables uses another idea: lower and upper approximations are unions
of elementary sets, subsets of U. Therefore we may define lower and upper ap-
proximations for incomplete decision tables by analogy with the second method,
using characteristic sets instead of elementary sets. There are two ways to do
this. Using the first way, a subset B-lower approximation of X is defined as

follows:
BX =U{Kg(z) |z € U, Kp(z) C X}.

A subset B-upper approximation of X is
BX =U{Kg(z) |z € U Kp(z)N X #0}.

Since any characteristic relation R(B) is reflexive, for any concept X, singleton
B-lower and B-upper approximations of X are subsets of the subset B-lower
and B-upper approximations of X, respectively. For the same decision table,
presented in Table 1, the subset A-lower and A-upper approximations are

A{1,2,5,7} ={2,5,7},
A{3,4,6} =0,
A{1,2,5,7} = U,
A{3,4,6} = {1,2,3,4,5,6}.
The second possibility is to modify the subset definition of lower and upper ap-

proximation by replacing the universe U from the subset definition by a concept
X. A concept B-lower approximation of the concept X is defined as follows:

BX =U{Kp(z) |z € X,Kp(x) C X}.

Obviously, the subset B-lower approximation of X is the same set as the concept
B-lower approximation of X. A concept B-upper approximation of the concept
X is defined as follows:

BX =U{Kgp(z) |z € X,Kp(z)N X #0} =
=U{Kp(x) |z € X}.
The concept upper approximations were defined in [14] and [16] as well. The

concept B-upper approximation of X is a subset of the subset B-upper approxi-
mation of X. Besides, the concept B-upper approximations are truly the smallest
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B-definable sets containing X . For the decision table presented in Table 1, the
concept A-upper approximations are

Z{]‘7 27 57 7} = {17 2747 57 7}7
A{3,4,6} = {1,2,3,4,6}.

Note that for complete decision tables, all three definitions of lower approxi-
mations, singleton, subset and concept, coalesce to the same definition. Also, for
complete decision tables, all three definitions of upper approximations coalesce
to the same definition. This is not true for incomplete decision tables, as our
example shows.

5 Results of Experiments

In Table 2 results of experiments [9] on seven well-known data sets from the
UCI Machine Learning Repository are cited. Error rates were computed using
ten-fold cross validation, with exception of the echocardiogram data set where
leave-one-out was used.

Table 2. Error rates for data with missing attribute values

Data set Missing attribute values interpreted as
lost values ”do not care” attribute-concept

conditions values
Breast_cancer 32.17 33.57 33.57
Echocardigram 32.43 31.08 31.08
Hepatitis 17.42 18.71 19.35
Horse 19.84 27.99 32.61
House 5.07 7.60 7.60
Soybean 12.38 20.52 16.94
Tumor 70.50 68.44 66.37

In our experiments we used the MLEM2 (Modified Learning from Examples
Module, version 2) rule induction algorithm [3]. MLEM2, a modified version of
the LEM2 algorithm, is a part of the LERS (Learning from Examples based on
Rough Sets) data mining system. LERS computes lower and upper approxima-
tions for all concepts. Rules induced from the lower approximations are called
certain, while rules induced from the upper approximations are called possible.
All error rates, reported in Table 2, were computed using certain rule sets.

6 Conclusions

Four standard interpretations of missing attribute values are discussed in this
paper. These interpretations may be applied to any kind of incomplete data set.
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This paper shows how to compute blocks of attribute-value pairs for data sets
with missing attribute values, how to compute characteristic sets (i.e., general-
ization of elementary sets), how to compute characteristic relations (i.e., gen-
eralization of an indiscernibility relations), and three kinds of approximations
(reduced for ordinary approximations for complete data sets). Finally, results of
experiments on seven data sets indicate that there is no universally best inter-
pretation of missing attribute values.
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