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Structuremotifs areaminoacid packingpatternsthat occur frequentlywithin a setof proteinstructures.We de�ne a labeledgraph
representationof proteinstructurein which verticescorrespondto aminoacid residuesandedgesconnectpairsof residuesandare
labeledby (1) theEuclidiandistancebetweentheC� atomsof thetwo residuesand(2) a booleanindicatingwhetherthetwo residues
are in physical/chemicalcontact. Using this representation,a structuremotif correspondsto a labeledclique that occursfrequently
amongthe graphsrepresentingthe proteinstructures.The pairwisedistanceconstraintson eachedgein a clique serve to limit the
variationin geometryamongdifferentoccurrencesof a structuremotif. Wepresentanef�cient constrainedsubgraphmining algorithm
to discover structuremotifs in this setting. Comparedwith contactgraphrepresentations,the numberof spuriousstructuremotifs is
greatlyreduced.

Usingthis algorithm,structuremotifs werelocatedfor severalSCOPfamiliesincludingtheEukaryoticSerineProteases,Nuclear
Binding Domains,Papain-like CysteineProteases,andFAD/NAD-linked Reductases.For eachfamily, we typically obtaina handful
of motifs within secondsof processingtime. The occurrencesof thesemotifs throughoutthe PDB werestronglyassociatedwith the
original SCOPfamily, asmeasuredusinga hyper-geometricdistribution. Themotifs werefound to cover functionally importantsites
like the catalytic triad for SerineProteasesandco-factorbinding sitesfor NuclearBinding Domains. The fact that many motifs are
highly family-speci�c canbeusedto classifynew proteinsor to provide functionalannotationin StructuralGenomicsProjects.
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1. INTRODUCTION

This paperstudiesthe following structuralcomparison
problem:givena setGof threedimensional(3D) protein
structures,identify all structuremotifs that occur with
suf®cientfrequency amongtheproteinsin G. Ourstudyis
motivatedby thelargenumberof (> 35; 000) 3D protein
structuresstoredin public repositoriessuchas the Pro-
teinDataBank(PDB,4). TherecentStructuralGenomics
projects28 aim to generatemany new proteinstructures
in ahigh-throughputfashion,whichmayfurtherincrease
the available protein structuressigni®cantly. With fast
growing structuredata,automaticand effective knowl-
edgediscovery toolsareneededto gaininsightsfrom the
availablestructuredatain order to generatetestablehy-
pothesesaboutthefunctionalroleof proteinsandtheevo-
lutionaryrelationshipamongproteins.

Our study is also motivatedby the complex rela-
tionship betweenprotein structureand protein function
8. It is well known that global structuresimilarity does
not necessarilyimply similar function. For example,the
TIM barrelsarea large groupof proteinswith remark-
ably similar global structures,yet widely varying func-
tions23. Conversely, similar functiondoesnot necessar-

ily imply similar globalstructure:themostversatileen-
zymes,hydro-lyasesandtheO-glycosylglucosidases,are
associatedwith 7 differentglobalstructuralfamilies 11.
Many globallydissimilarstructuresshow convergentevo-
lution of biologicalfunction.Becauseof thepuzzlingre-
lationshipbetweenglobalproteinstructureandfunction,
recentresearcheffort in proteinstructurecomparisonhas
shiftedto identifying local structuralfeatures(referredto
asstructure motifs) responsiblefor biological functions
includingprotein-proteininteraction,ligandbinding,and
catalysis3; 5; 30–33. A recentreview of methodsandap-
plicationsinvolved in proteinstructuremotif identi®ca-
tion canbefoundin 19.

Usingagraphrepresentationof proteins,we formal-
ize the structuremotif identi®cationproblem as a fre-
quentclique mining problemin a set of graphsG and
presenta novel constrainedclique mining algorithm to
obtain recurringcliquesfrom G that satisfy certainad-
ditional constraints. The constraintsare encodedin
the graph representationof protein structure as pair-
wiseaminoacid residuedistances,pair-wiseaminoacid
residueinteractions,andthephysical/chemicalproperties
of theaminoacidresiduesandtheir interactionsin apro-
teinstructure.
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Comparedto othermethods,our methodoffers the
following advantages.First, our methodis ef®cient. It
usually takesonly a few secondsto processa groupof
proteinsof moderatesize(ca. 30 proteins),which makes
it suitablefor processingproteinfamiliesde®nedby var-
iousclassi®cationssuchasSCOPor EC (EnzymeCom-
mission). Second,our resultsarespeci®c. As we show
in our experimentalstudysection,by requiringstructure
motifs to recuramonga groupof proteins,ratherthanin
just two proteins,we signi®cantly reducespuriouspat-
ternswithout losingstructuremotifs thathave clearbio-
logical relevance. With a quantitative de®nition of sig-
ni®cancebasedon the hyper-geometricdistribution, we
®nd that thestructuremotifs we identify arespeci®cally
associatedwith theoriginal family. Thisassociationmay
signi®cantlyimprovetheaccuracy of feature-basedfunc-
tional annotationof structuresfrom structuralgenomics
projects.

The rest of this paperis organizedas follows. In
Section1.1, we review recentprogressin discovering
protein structuremotifs. In Section2, we review def-
initions relatedto graphsand introducethe constrained
subgraphmining problem. In Section3, we discussour
graphrepresentationof proteinsstructures. In Section
4, we presenta detaileddescriptionof our method. We
alsoincludea practicalimplementationof thealgorithm
that supportsthe experimentalstudy in Section5. Fi-
nally, Section6 concludeswith a brief discussionof fu-
turework.

1.1. Related work

Thereis anextensivebodyof literatureoncomparingand
classifyingproteinsusingmultiple sequenceor structure
alignment,suchasVAST 9 andDALI 12. Herewe fo-
cuson therecentalgorithmictechniquesfor discovering
structuremotifsfrom proteinstructures.Themethodscan
beclassi®edinto thefollowing ®ve types:

� Depth-®rstsearch,startingfrom simplegeomet-
ric patternssuchastriangles,progressively®nd-
ing largerpatterns5; 25; 30.

� Geometric hashing, originally developed in
computer vision, applied pairwise between
protein structures to identify structure mo-
tifs 3; 24; 35.

� Stringpatternmatchingmethodsthatencodethe
local structureand sequenceinformation of a

protein asa string, andapply string searchal-
gorithmsto derivemotifs 17; 18; 32.

� Delaunay tessellation(DT) 6; 20; 33 partition-
ing the structure into an aggregate of non-
overlapping,irregular tetrahedrathus identify-
ing all uniquenearestneighborresiduequadru-
pletsfor any protein33.

� Graph matching methods comparing protein
structuresmodeledas graphsand discovering
structuremotifs by ®nding recurringsubgraphs
1; 10; 14; 22; 29; 31; 38.

Geometrichashing21 andgraphmatching38 meth-
odshave beenextendedfor inferring recurringstructure
motifs from multiple structures,but both methodshave
exponentialrunningtime in thenumberof structuresin a
dataset.

2. CONSTRAINED FREQUENT CLIQUE
MINING

2.1. Labeled graphs

We de®nea labeled graph G as a four-elementtuple
G = (V; E ; � ; � ) whereV is a setof verticesor nodes
andE � V � V is a setof undirectededges.� is a set
of (disjoint) vertex andedgelabels,and� : V [ E ! �
is a functionthatassignslabelsto verticesandedges.We
assumethata total orderingis de®nedon thelabelsin � .
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Fig. 1. DatabaseG of three labeledgraphs. The mapping(isomorphism)
q1 ! p2 , q2 ! p1 , andq3 ! p3 demonstratesthatcliqueQ is isomorphic
to a subgraphof P andso we saythat Q occursin P . Setf p1 ; p2 ; p3 g is an
embeddingof Q in P . Similarly, graphS (non-clique)occursin both graphP
andgraphQ.

G0 = (V 0; E 0) is a subgraphof G, denotedby G0 �
G, if verticesV 0 � V , andedgesE 0 � (E \ (V 0� V 0)) ,
i.e. E 0 is a subsetof theedgesof G that join verticesin
V 0.

2.2. Constraints on structure motifs

A constraint in our discussionis a function that assigns
a booleanvalueto a subgraphsuchthat trueimplies that
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the subgraphhassomedesiredpropertyand falseindi-
catesotherwise. For example, the following statement
“eachaminoacid residuein a structuremotif musthave
a solvent accessiblesurfaceof suf®cient size” is a con-
straint.Thisconstraintselectsonly thosestructuremotifs
thatarecloseto thesurfaceof proteins.Thetaskof for-
mulatingtheright constraint(s)is left for domainexperts.
As partof ourcomputationalconcern,weanswerthefol-
lowing two questions:(1) what typesof constraintscan
be ef®ciently incorporatedinto a subgraphmining algo-
rithm and(2) how to incorporatea constraintif it canbe
ef®ciently incorporated.Theanswerto thetwo questions
is themajorcontributionof thispaperandis discussedin
detailsin Section4.

2.3. Graph matc hing

A fundamentalpart of our constrainedsubgraphmining
methodis to ®nd anoccurrenceof a graphH within an-
othergraphG. To make this moreprecise,we saythat
graphH occurs in G if we can®nd an isomorphismbe-
tweengraphH = (VH ; EH ; � ; � H ) andsomesubgraph
of G = (VG ; EG ; � ; � G ). An isomorphismfrom H to
the subgraphof G de®nedby verticesV � VG is a 1-
1 mappingbetweenverticesf : VH ! V thatpreserves
edgesandedge/nodelabels. ThesetV is an embedding
of H in G. Thisde®nitionis illustratedin Figure1.

In this paper, we restrict ourselves to matching
cliques, i.e. fully connectedsubgraphs.For example,the
graphQ in Figure1 isacliquesinceeachpairof (distinct)
nodesis connectedby anedgein Q while S is not. In pro-
tein structuregraphs,a cliquecorrespondsto a structure
motif with all pairwiseinter-residuedistancesspeci®ed.

2.4. The constrained frequent clique
mining problem

Given a set of graphs,or a graph databaseG, we de-
®ne the supportof a clique C, denotedby s(C), asthe
fraction of graphsin G in which C occurs. We choose
a supportthreshold0 < � � 1, andde®neC to be fre-
quentif it occursin at leastfraction� of thegraphsin G.
Notethatwhile C mayoccurmany timeswithin a single
graph,for thepurposeof measuringsupport,thesecount
asonly oneoccurrence.Givenaconstraint� , theproblem
of ConstrainedFrequentCliqueMining is to identify all
frequentcliquesC in agraphdatabaseGsuchthat� (C) is
true. Figure2 shows all cliques(without any constraint)

whichappearin at leasttwo graphsin thegraphdatabase
shown in Figure1. If we usesupportthreshold� = 2=3
without any constraint,all six cliqueswill be reported
to users. If we increase� to 3/3, only cliquesA1, A2,
A3, andA4 will be reported. If we usesupportthresh-
old � = 2=3 andthe constraintthat eachclique should
containsat leastonenodewith label“a”, theconstrained
frequentcliquesareA1, A3, A4, andA6.
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Fig. 2. All (non-empty)frequentcliqueswith support� 2=3 in G from Figure
1. Theactualsupportvaluesare:(3/3,3/3,3/3,3/3,2/3,2/3) for cliquesfrom A 1
to A 6 .

3. HYBRID GRAPH REPRESENTATION
OF PROTEIN STRUCTURES

3.1. Graph representation overview

We model a protein structureas a labeledundirected
graphby incorporatingpairwiseaminoacid residuedis-
tancesand contactrelation in the following way. The
nodesof our protein graphsrepresentthe C� atomsof
eachamino acid residue. We createedgesconnecting
eachandevery pair of (distinct)residues,labeledby two
typesof information:(1) TheEuclidiandistancebetween
the two relatedC� atomsand (2) A booleanindicates
whetherthetwo residueshavephysical/chemicalcontact.
More precisely, a proteinin our studyis a labeledgraph
P = (V; E ; � ; � ) where

� V is a set of nodesthat representsthe set of
aminoacidresiduesin theprotein

� E = V � V - (u, u) for all u 2 V
� � = � V [ � E is thesetof disjoint nodelabels

(� V ) andedgelabels(� E )
� � V is thesetof 20aminoacidtypes
� � E = R+ � f tr ue; f alseg whereR+ is theset

of positiverealnumbers
� � assignslabelsto nodesandedges.

Our graphrepresentationcanbeviewedasa hybrid
of two popularrepresentationof proteins:thatof distance
matrix representation8 andthatof contactmaprepresen-
tation13.
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In practicewe are not concernedwith interactions
over longdistances(say> 13 	A), soproteinsneednotbe
representedby completegraphs.Sinceeachaminoacid
occupiesa real volume,the numberof edgesper vertex
in the graphrepresentationcan be boundedby a small
constant.

Thegraphrepresentationpresentedhereis similar to
thoseusedby othergroups25; 38. The major difference
is that in our representation,geometricconstraintsarein
theform of pairwisedistanceconstraintsandareembed-
dedinto thegraphrepresentationto modelgeometrically
conservedpatterns.Theabsenceof geometricconstraints
canleadto many spuriousmatchesasnoticedin 25; 38.
Anotherdifferenceis thatwe explicitly specifythe“con-
tact” relation.Thecontactrelationenablesusto incorpo-
ratevariousconstraintsinto thesubsequentgraphmining
processandfurtherreduceirrelevantpatterns.

In the following, we discusshow to discretizedis-
tancesintodistancebins,whichis importantfor ourstruc-
turemotif identi®cationalgorithm.

Fig. 3. Mappingdistancesl to bins.Theunit is 	A.

3.2. Distance discretization

To mapcontinuousdistancesto discretevalues,we dis-
cretizedistancesintobins.Thewidth of suchbinsis com-
monly referredto asthedistancetolerance, andpopular
choicesare1 	A 22, 1.5 	A 5, and2 	A 26. In oursystem,we
choosethe mediannumber1.5 	A asshown in Figure3,
which empiricallydeliverspatternswith goodgeometric
conservation.

4. THE CONSTRAINED CLIQUE
MINING ALGORITHM

In this section,we presenta detaileddiscussionon (1)
what typesof constraintscanbe incorporatedef®ciently
into a subgraphmining algorithmand(2) how to incor-
poratethem.

Ourstrategy reliesondesigninggraphnormalization
functionsthatmapcliquesto onedimensionalsequences

of labels. A graphnormalizationfunctionis a 1-1 map-
pingN suchthatN (G) = N (G0) if andonly if G = G0.
In other words, a graphnormalizationfunction always
assignsa uniquestring to eachuniquegraph.Thestring
N (G) is thecanonicalcode(codein short)of thegraph
G with respectto thefunctionN .

Many graphnormalizationfunctionshavea veryde-
sirableproperty:pre®x-preservation.A graphnormaliza-
tion function is pre�x-preservingif for every graphG,
therealways exists a subgraphG0 � G such that the
codeof G0 is a pre®x of the codeof G. Examplesof
pre®x-preservinggraphnormalizationfunctionsinclude
theDFScode39 andtheCAM code15. As we prove in
Theorem4.8,with a genericdepth®rst searchalgorithm,
apre®x-preservinggraphnormalizationfunctionguaran-
teesthatno frequentconstrainedpatternscanbemissed.
Thedesignchallengehereis to constructagraphnormal-
ization function that is pre®x-preservingin thepresence
of constraints.

4.1. A synthetic example of
constraints

Thefollowing constraintis our driving examplefor con-
strainedclique mining. The constraintstatesthat we
shouldonly report frequentcliquesthat containat least
one edgelabel of “y”. The symbol “y” is selectedto
make the constraintworks bestwith the graphexample
we show in Figure1. Applying this constraintto all the
frequentcliquesshown in Figure2, we®nd thatthereare
only threecliquessatisfyingthe constraint,namelyA4,
A5, andA6. We namethis simpleconstraintanedge la-
bel constraint and show a speci®cgraphnormalization
functionthat is pre®x-preservingfor this edgelabelcon-
straint. Beforewe do that,we introducea normalization
thatdoesnot supportany constraints.Our ®nal solution
will adaptthis constraint-unaware graphnormalization
function.

4.2. A graph normalization function
that does not suppor t constraints

We useourpreviouscanonicalcode15 for graphnormal-
ization,outlinedbelow for completeness.

Given an n � n adjacency matrix M of a graph
G with n nodes,we de®ne the code of M , denoted
by code(M ), as the sequenceof lower triangular en-
triesof M (includingthenodelabelsasdiagonalentries)
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in theorder:M 1;1M 2;1M 2;2:::M n; 1M n; 2:::M n;n � 1M n;n

whereM i;j representstheentryatthei th row andj th col-
umnin M . Sinceedgesareundirected,weareconcerned
only with the lower triangularentriesof M . Figure 4
shows examplesof adjacency matricesandcodesfor the
labeledgraphQ shown in thesame®gure.

The lexicographicorder of sequencesde®nesa to-
tal order over adjacency matrix codes. Given a graph
G, its canonical code, denotedby F (G), is the max-
imal codeamongall its possiblecodes. For example,
F (M 1) = “bybyxa” shown in Figure4 is the canonical
codeof thegraph.
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Fig. 4. All possibleadjacency matricesfor thecliqueQ. Sinceadjacency ma-
trices for undirectedgrapharesymmetric,only the lower triangularpart of the
matricesareshown. Usinglexicographicorderof symbols:y > x > d > c >
b > a > 0, we have code(M 1 ) = ªbybyxaº > code(M 2 ) = ªbybxyaº
> code(M 3 ) = ªaybxybº > code(M 4 ) = ªaybxybº. Hencecode(M 1 ) is

thecanonicalcodefor thegraphQ.

4.3. A graph normalization function
that suppor ts constraints

In this section,we introducethe de®nition of a generic
graphnormalizationfunction  . In the following two
sections,we show the applicationsof the genericgraph
normalizationfunction  . In Section4.4, we show that
severalwidely usedconstraintsfor proteinstructuremo-
tifs leadto a well-de®nedfunction . In Section4.5,we
show thatthefunction canbeusedin adepth-®rstcon-
strainedclique searchprocedureto make surethat each
constrainedfrequentclique is searchedonceandexactly
once.

De�nition 4.1. Given the graphnormalizationfunction
F with its codomain� and a constraint� , a generic
graph normalization function  , is afunctionthatmaps
a graphG to � � recursively as:

 (G) =

8
><

>:

F (G) if � (G) is false
F (G) if j V (G) j = 1

max
G0� G;� (G0)

 (G0)$F (G) otherwise

whereG0 is a subgraphof G with sizeonelessthanG;
 (G0)$f (G) is the concatenationof the codeproduced

by  (G0), thesymbol$, andthecodeF (G). We assume
thatthesymbol$ is not in theset� andwe usethis sym-
bol to separatedifferentpartsof the genericgraphnor-
malization.Thetotalorderingonstrings(max)is de®ned
by lexicographicalorderwith theunderlyingsymbolor-
deringassumedfrom � .

Example4.1. Applying thegenericgraphnormalization
to the graphQ shown in Figure4, with the graphnor-
malizationF bethecanonicalcodewe discussedin Sec-
tion 4.2, (G) is b$byb$bybyxa. bybyxa is asuf®x of the
codesinceit is thecanonicalcodeof graphQ. In asearch
for  (Q), two subgraphsof Q thatsatisfytheedgelabel
constraintaresearched.Oneis a singleedgeconnecting
nodeswith labels“b” and“b” with anedgelabel“y” and
theotheris alsoa singleedgeconnectingnodeswith la-
bels“a” and“b” with anedgelabel“y”. Sincethecanon-
ical codefor the ®rst (“byb”) is greaterthanthat of the
second(“bya”), weputstring“byb” beforethestring“by-
byxa” andobtain“byb$bybyxa”.Finally weadda single
“b” beforethestring“byb$bybyxa”at thelaststepof the
recursivede®nitionandwehave  (G) = b$byb$bybyxa.

Theorem 4.1.  (G) exists for every graph G with the
edge label constraint.

Proof. Let's®rst assumethatagraphG containsanedge
label “y”. We claim that therealwaysexists a subgraph
G0 of G that also containsthe samelabel. This obser-
vationsuggeststhatwe canalways®nd at leastoneG0 in
therecursivede®nition,andhence (G) is de®ned.If the
original G doesnot containany edgelabel “y”, its code
is F (G), which is alsode®ned.

Theorem4.2.  is a 1-1mappingandthusa graphnor-
malizationfunction.

Proof. If two graphsareisomorphic,they mustgive the
samestring, accordingto the de®nition of  . To prove
that two graphsthathave thesamecanonicalstringsare
isomorphic,noticing that the last elementof a label se-
quenceproducedby  is F (G) whereF is a graphnor-
malizationprocedure.Thereforetwo identicalsequence
mustimply thesamegraph,asguaranteedby F .

Theorem4.3. For all G such that � (G) is true, thereex-
ists a subgraphG0 � G with sizeonelessthan G such
that � (G0) is true and (G0) is a pre�x of  (G).
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Proof. This property is a direct result of the recursive
de®nition4.1.

We noticethat in proving Theorems4.2and4.3,we
do not use the de®nition of the constraint� . In other
words,Theorems4.2 and4.3 canbe proved as long as
we have Theorem4.1. Therefore,we have thefollowing
theorem:

Theorem 4.4. If  is de�ned for every graph with re-
spectto a given constraint � ,  is 1-1 and pre�xing-
preserving.

Proof. This is a direct resultof the recursive de®nition
4.1.

4.4. More examples related to protein
structure motifs

Let's ®rst view a real-world exampleof constraintthat is
widely usedin structuremotif discovery. Theconnected
componentconstraint (CC constraintfor short) asserts
that in a structuremotif, eachaminoacidresidueis con-
nectedto at leastanotheraminoacidresidueby acontact
relationandthatthemotif is aconnectedcomponentwith
respectto the contactrelation. The intuition of the CC
constraintis thatastructuremotif shouldbecompactand
hencehasno isolatedaminoacid residue.To be formal,
theCC constraintis a functioncc thatassignsvaluetrue
to agraphif it is aconnectedcomponentaccordingto the
contactrelationandfalseotherwise.

As anotherexample,the contactdensityconstraint
assertsthattheratioof thenumberof contactsandtheto-
tal numberof edgesin astructuremotif shouldbegreater
thana prede®nedthreshold.Suchratio is referredto as
the contactdensity(density)of the motif and the con-
straint is referredto as the densityconstraint. The in-
tuition of the densityconstraintis that a structuremotif
shouldbecompactandtheaminoacidresiduesin themo-
tif shouldwell interactwith other. This constraintmay
be viewed asa morestrict versionof the CC constraint
which only requiresa motif to beconnectedcomponent.
Again, to beformal, thedensityconstraintis a functiond
thatassignsvaluetrue to a graphif its contactdensityis
at leastsomeprede®nedthresholdandfalseotherwise.

It would be an awkward situationif we needto de-
®nea new graphnormalizationprocedurefor eachof the
constraintswe discussabove. Fortunately, this is not the

case.In the following discussion,we show that generic
graphnormalizationfunction is well de®nedfor these
two constraints.

Theorem4.5.  (G) exist for everygraphG with respect
to theCCconstraint or thedensityconstraint.

Proof. We only show the proof of the theoremfor the
CC constraintandthat for the densityconstraintcanbe
provedsimilarly. Thekey observationis for every graph
G of sizen thatis aconnectedcomponentwith respectto
thenodecontactrelation,thereexistsasubgraphG0 � G
suchthat G0 is a connectedcomponentaccordingto the
samecontactrelation. The observation is a well-known
resultfrom graphtheoremandadetailproofcanbefound
in 15.

Following Theorem4.4,wehavethefollowing theo-
rem.

Theorem4.6.  is a 1-1mappingandpre�x-preserving
for theCCconstraint or thedensityconstraint.

After workingseveralexampleconstraints,westudy
thesuf®cientandnecessaryconditionsuchthatourgraph
normalizationfunction is well de®nedfor a constraint
� . Thefollowing theoremformalizetheanswer.

Theorem4.7. Givena constraint � ,  (G) exist for every
graphG with respectto theconstraint � if andonly if for
each graphG of sizen such that � (G) is true, thereexists
a subgraphG0 � G of sizen � 1 such that � (G0) is also
true.

Proof. (if) For a graphG suchthat � (G) is true,if there
exists oneG0 � G suchthat � (G0) is also true, by the
de®nitionof  ,  (G) exists.

(only if) If  (G) exists for every graphG with re-
spectto a constraint� , for a graphG suchthat � (G) is
true,by thede®nitionof  , we alwayshave at leastone
G0 � G suchthat� (G0) is alsotrue.

4.5. cliquehashing

We have designedanef®cient algorithmidentifying fre-
quentcliquesfrom a labeledgraphdatabasewith con-
straints,asdescribedbelow. At thebeginningof thealgo-
rithm wescanagraphdatabaseand®ndall frequentnode
types(line 1-4,Figure5). Thenodetypesandtheiroccur-
rencesarekept in a hashtablecounter. At a subsequent
step,a frequentcliquewith sizen � 1 is pickedfrom the
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CliqueHashing(G, � , � )
begin
1. for eachnodelabelt 2 � (v); v 2 V [G]; G 2 G do
2. counter [t ]  counter [t ] [ f vg
3. C  C [ f tg
4. end for
5. for t 2 C do
6. if ( s(t) � � , � (s) is true) do
7. F  F [ backtracksearch(t; counter [t ])
8. end if
9. end for
10. returnF
end

backtrack search(t0; O; � )
begin
1. for eachcliqueh 2 O do
2. O0  f f jf = h [ v; h � V [G]; v 2 (V [G] � h)g
3. for eachoccurrenceof a cliquef 2 O0 do
4. t   (f )
5. counter [t ]  counter [t ] [ f f g
6. C  C [ f tg
6. end for
7. end for
8. for eacht 2 C do
9. if ( s(t) � � , t0 v t, and� (t) is true) do
10. F  F [ backtracksearch(t,counter[t])
11. end if
12. end for
13. returnF
end

Fig. 5. TheCliqueHashingalgorithmwhich reportsfrequentcliques,F , from a groupof graphsG with supportat least� andwith a constraint� .  is the graph
normalizationfunctionde®nedin De®nition4.1. x v y if stringx is apre®xof stringy . s(G) is thesupportof a graphG.

hashtableandis extendedto all possiblen + 1 cliques
by attachingoneadditionalnodeto its occurrencesin all
possibleways.Thesenewly discoveredcliquesandtheir
occurrences,are againindexed in a separatehashtable
andenumeratedrecursively. Thealgorithmbacktracksto
the parentsof a clique if no further extensionfrom the
clique is possible.The overall algorithmstopswhenall
frequentnodetypeshavebeenenumerated.We illustrate
the CliqueHashingalgorithm, with the edgelabel con-
straint,in Figure6.

Theorem4.8. If  is well de�nedfor all possiblegraphs
with theconstraint � , theCliqueHashingalgorithmiden-
ti�es all frequent constrained cliques from a graph
databaseexactlyonce.

Proof. The pre®x preservingpropertyof De®nition 4.1
implies that at leastone subcliqueof a frequentclique
will pass the IF statementof line 9, in the back-
track searchprocedurein CliqueHashing.Thereforethe
algorithmwill not missany frequentcliquesin thepres-
enceof a constraint� .

The proof that the algorithm discovers every con-
strainedfrequentcliquesexactlyoncemaynotbeobvious
at ®rst glance.Thekey observationis thatfor a cliqueG
of sizen, thereis only onesubcliquewith sizen � 1 that
hasacodematchingapre®xof  (G). If wecanprovethe
observation,by the line 9 of thebacktracksearchproce-
dure, the CliqueHashingalgorithmguaranteesthat each
constrainedfrequentcliqueswill be discoveredexactly

once.
To provetheobservation,we assumeto thecontrary

that thereareat leasttwo suchsubcliqueswith thesame
sizeandbothgive codesaspre®xesof  (G). We claim
that oneof the two codesmustbe a pre®x of the other
(by thede®nitionof pre®x). Theclaim leadsto thecon-
clusionthatoneof two subcliquesmustbeasubcliqueof
the other (by the de®nition of  ). The conclusioncon-
tradictsour assumptionthat the two subcliqueshave the
samesize.
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Fig. 6. Thecontentsof thehashtablecounterafterapplyingthe
CliqueHashingalgorithmto thedatasetshown in Figure1 with
theedgelabelconstraint.
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Fig. 8. thecontentsof thehashtablecounterafterapplyingthe
CliqueHashingalgorithmto thedatasetshown left.

4.6. CliqueHashing on Multi-labeled
Graphs

A multi-labeledgraph is a graphwheretherearetwo or
more labelsassociatedwith a singleedgein the graph.
The CliqueHashingalgorithm can be applied to multi-
labeledgraphsdirectlywithoutmajormodi®cations.The
key observation is that our enumerationis basedon oc-
currencesof cliques(line 3 in functionbacktracksearch).
In Figure7, we show a graphdatabasewith threemulti-
labeledgraphs.In ®gure8, weshow (pictorially) how the
CliqueHashingalgorithmcanbe appliedto graphswith
multilables.

In thecontext of thestructuremotifs detection,han-
dling multi-labeledgraphsis importantfor thefollowing
reason.First, due to the imprecisionin 3D coordinates
datain motif discovery, weneedto toleratedistancevari-
ationsbetweendifferentinstancesof thesamemotif. Sec-
ond,partitioningthe1D distancespaceinto distancebins
is not a perfectsolutionsincedistancevariationscannot
be well handledat the boundaryof the bins. In our ap-
plication distancebins may leadto a signi®cantnumber
of missingmotifs. Using a multi-labeledgraphwe can
solve theboundaryproblemby using“overlapping”bins
to take careof boundaryeffect.

5. EXPERIMENTAL STUDY

5.1. Experimental setup

To exclude redundantstructuresfrom our analysis,we
usedthe culled PDB list (http://www.fccc.edu/research/
labs/dunbrack/pisces/culledpdb.html) with sequencesim-
ilarity cutoff value90%(resolution= 3.0,R factor= 1.0).
This list containsaboutonequarterof all proteinstruc-
turesin PDB; remainingonesareregardedasduplicates
to proteinsin the list. We study four SCOPfamilies:
EukaryoticSerineProtease(ESP),Papain-like Cysteine
Protease(PCP), Nuclear Binding Domains (NB), and
FAD/NAD-linked reductase(FAD). Eachprotein struc-
ture in a SCOPfamily wasconvertedto its graphrepre-
sentationasoutlined in Section3. The pairwiseamino
acid residue contactsare obtained by computing the
almost-Delaunayedges2 with � = 0:1 andwith length
upto 8.5 	A, aswasalsodonein 14. Structuremotifs from
a SCOPfamily were identi®ed using the CliqueHash-
ing algorithm with the CC constraintthat states“each
aminoacid residuein a motif shouldcontactat leastan-
otherresidueandthemotif shouldbeaconnectedcompo-
nentwith respectto thecontactrelation”. Timingsof the
searchalgorithmwerereportedusingthesamehardware
con®gurationusedin14.

In Table 1, we documentthe four families includ-
ing theirSCOPID, totalnumberof proteinsin thefamily
(N ), the supportthresholdwe usedto retrieve structure
motifs(� ), andtheprocessingtime(T , in seconds).In the
sametable,we alsorecordall thestructuremotifs identi-
®ed,giving themotifs' compositions(asequenceof one-
letter residuecodes),actualsupportvalues(� ), thenum-
ber of occurrencesoutsidethe family in the representa-
tivestructuresin PDB(referredto asthebackgroundfre-
quencieshereafter)(� ), and their statisticalsigni®cance
in thefamily (P). Thestatisticalsigni®canceis computed
by a hyper-geometricdistribution,speci®edin Appendix
7.1. Imagesof protein structureswere producedusing
VMD 16 andresiduesin the imageswerecoloredby the
residueidentityusingdefaultVMD settings.

5.2. Eukar yotic serine protease

Thestructuremotifs identi®edfrom theESPfamily were
documentedat thetoppartof Table1. Thedataindicated
that the motifs we found arehighly speci®cto the ESP
family, measuredby P� value � 10� 82. We have inves-
tigatedthespatialdistribution of theresiduescoveredby
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Table 1. Motifs

Motif Composition � � � log(P ) Motif Composition � � � log(P ) Motif Composition � � � log(P )
EukaryoticSerineProtease(ID: 50514)N : 56 � : 48/56,T : 31.5

1 DHAC 54 13 100 14 DHAC 50 6 100 27 DASC 49 20 92
2 ACGG 52 9 100 15 HACA 50 8 100 28 SAGG 49 31 90
3 DHSC 52 10 100 16 ACGA 50 11 100 29 DGGL 49 53 83
4 DHSA 52 10 100 17 DSAG 50 16 100 30 DSAGC 48 9 99
5 DSAC 52 12 100 18 SGGC 50 17 100 31 DSSC 48 12 97
6 DGGG 52 23 100 19 AGAG 50 27 95 32 SCSG 48 19 93
7 DHSAC 51 9 100 20 AGGG 50 58 85 33 AGAG 48 19 93
8 SAGC 51 11 100 21 ACGAG 49 4 100 34 SAGG 48 23 88
9 DACG 51 14 100 22 SCGA 49 6 100 35 DSGS 48 23 94
10 HSAC 51 14 100 23 DACS 49 7 100 36 DAAG 48 27 89
11 DHAA 51 18 100 24 DGGS 49 8 100 37 DASG 48 32 87
12 DAAC 51 32 99 25 SACG 49 10 98 38 GGGG 48 71 76
13 DHAAC 50 5 100 26 DSGC 49 15 98

Papain-like cysteineprotease(ID: 54002)N : 24, � : 18/24,T : 18.4
1 HCQS 18 2 34 3 WWGS 18 3 44 5 WGSG 18 5 43
2 HCQG 18 3 34 4 WGNS 18 4 44

Nuclearreceptorligand-bindingdomain(ID: 48509)N : 23, � : 17/23,T : 15.3
1 FQLL 20 21 43 3 DLQF 17 8 39 4 LQLL 17 40 31
2 DLQF 18 7 42

FAD/NAD-linkedreductase(ID: 51943)N : 20 � : 15/20,T : 90.0
1 AGGG 17 34 34 2 AGGA 17 91 27

thosemotifs, by plotting all residuescoveredby at least
onemotif in the structureof a trypsin: 1HJ9,shown in
Figure9. Interestinglywe found that all theseresidues
arecon®nedto thevicinity of thecatalytictriad of 1HJ9,
namely: HIS57-ASP102-SER195,con®rming a known
fact that the geometryof the catalytic triad and its spa-
tially adjacentresiduesare rigid, which is probablyre-
sponsiblefor functionalspeci®cityof theenzyme.

Fig. 9. Left: Spatialdistributionof residuesfoundin 38commonstructuremo-
tifs within protein1HJ9.Theresiduesof catalytictriad,HIS57-ASP102-SER195,
areconnectedby white dottedlines. Right: Performancecomparisonof graph
mining (GM) andgeometrichashing(GH) for structuremotif identi®cation.

We found that thereare ®ve motifs that occur sig-
ni®cantly (P� value < 10� 7) in anotherSCOPfamily:
ProkaryoticSerineProtease(detailsnot shown). This is
not surprisingsincebothprokaryoticandeukaryoticser-
ineproteasesarequitesimilaratbothstructuralandfunc-
tional levelsandthey sharethesameSCOPsuperfamily
classi®cation.Noneof themotif hassigni®cantpresence

outsidethesetwo families.
Comparing to our own previous study that uses

genericsubgraphmining algorithm(without constraints
and without utilizing pairwise amino acid residuedis-
tanceinformation), and pairwisestructuralcomparison
performedby othergroups1; 10; 22; 31; 29; 38, we report
a signi®cantimprovementof the“precision” of structure
motifs. For example,ratherthanreportingthousandsof
motifs for asmalldatasetlike serineproteases38; 14, we
reporta handfulof structuremotifs that arehighly spe-
ci®c to the serineproteasefamily (as measuredby low
P-values)andhighly speci®cto thecatalyticsitesof the
proteins(asshown in Figure9).

To furtherevaluateouralgorithm,werandomlysam-
pletwo proteinsfrom theESPfamily andsearchfor com-
monstructuremotifs. We obtainanaverageof 2300mo-
tifs perexperimentfor a totalof thousandruns.Suchmo-
tifs arecharacterizedby poorstatisticalsigni®canceand
werenot speci®cto known functionalsitesin theESP. If
we requirea structuremotif to appearin at least24 of a
31 randomlyselectedESPproteinsandrepeatthe same
experiment,weobtainanaverageof 65motifsperexper-
imentwith improvedstatisticalsigni®cance.This exper-
iment demonstratesthat comparinga group of proteins
improvesthequalityof themotifs,asobservedby 38.

Besideimprovedquality of structuremotifs, we ob-
serve a signi®cantspeedup for our structuremotif com-
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parisonalgorithm comparingto other methodssuchas
geometrichashing.At theright partof Figure9, weshow
performancecomparisonof graphmining(GM) andgeo-
metric hashing(GH)21 ( executabledownloadfrom the
companionwebsite)for serineproteases.We notice a
generaltrendthatwith theincreasingnumberof proteins
structures,the running time of graphmining decreases
(sincetherearefewer commonstructuremotifs) but the
running time of geometrichashingincreases.The two
techniqueshavedifferentsetof parametersthatmakeany
directcomparisonof runningtime dif®cult, however, the
trendis veryclearthatgraphmininghasbetterscalability
thangeometrichashingfor datasetcontainslargenumber
of proteinsstructures.

Fig. 10. Left: Residuesincludedin the motifs from PCPfamily in protein
1CQD.The residuesin catalyticdyadCYS27-HIS161areconnectedby a white
dottedline andtwo importantsurroundingresiduesASN181andSER182arela-
beled.Right: Residuesincludedin motifs from theNB family in protein1OVL.
The labeledresidueGLN 435hasdirect interactionwith thecofactorof thepro-
tein.

5.3. Papain-like cysteine protease and
nuclear binding domain

We appliedour approachto two additionalSCOPfam-
ilies: Papain-Like CysteineProtease(PCP, ID: 54002)
andNuclearReceptorLigand-BindingDomain(NB, ID:
48509).Theresultsaredocumentedin themiddlepartof
Table1.

For the PCP family, we identi®ed ®ve structure
motifs which coveredthe catalytic CYC-HIS dyad and
nearbyresiduesASN andSERwhichareknown to inter-
act with thedyad7, asshown in Figure10. For theNB
family, we identi®edfour motifsa which mapto theco-
factorbindingsites37, shown in thesame®gure. In ad-
dition, four membersmissedby SCOP:1srv, 1khq, and
1o0ewereidenti®edfor thePCPfamily andsix members
1sj0,1rkg,1osh,1nq7,1pq9,1nrl wereidenti®edfor the

NB family.

Fig. 11. Themotif appearsin two proteins1LVL (belongsto the FAD/NAD-
linked reducatasefamily without Rossmanfold ) and 1JAY (belongsto the 6-
phosphogluconatedehydrogenase-like, N-terminaldomainfamily with Rossman
fold) with conservedgeometry.

5.4. FAD/NAD binding proteins

In the SCOPdatabase,there are two superfamilies of
NADPH bindingproteins,theFAD/NAD(P)-bindingdo-
mainsandtheNAD(P)-bindingRossmann-folddomains,
which shareno sequenceor fold similarity to eachother.
This presentsa challengingtest casefor our systemto
checkwhetherwe would be ableto ®nd patternsacross
thetwo groupswith biologicalsigni®cance.

To addressthe question,we appliedour algorithm
to the largestfamily in SCOPFAD/NAD(P)-bindingdo-
main: FAD/NAD-linked reductases(SCOPID: 51943).
With supportthreshold15/20,we obtainedtwo recurring
structuremotifs from thefamily, andbothshowedstrong
statisticalsigni®cancein theNAD(P)-bindingRossmann-
fold superfamily asshown in bottompartof Table1.

In Figure11,weshow amotif thatis statisticallyen-
riched in both families; it hasconserved geometryand
is interactingwith theNADPH moleculein two proteins
belongingto the two families. Notice thatwe do not in-
cludeany informationfrom NADPH moleculeduringour
search,andweidenti®edthismotif dueto its strongstruc-
tural conservationamongproteinsin a SCOPsuperfam-
ily. Thetwo proteinshave only 16%sequencesimilarity
andadoptdifferentfolds (DALI z-score4.5). Theresult
suggeststhat signi®cantly commonfeaturescan be in-
ferredfrom proteinswith no apparentsequenceandfold
similarity.

aStructuremotifs 2 and3 have thesameresiduecompositionbut they have differentresiduecontactpatternsandthereforeregardedastwo patterns.
They donot mapto thesamesetof residues.
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5.5. Random proteins

Our lastcasestudyis acontrolexperimentto empirically
evaluatethestatisticalsigni®canceof thestructuremotifs
regardlessof theP� valuede®nition.To thatend,20pro-
teinswererandomlysampledfrom theculledPDB list in
orderto obtaincommonmotifs with support� 15. The
parameters20 and15 weresetup to mimic thesizeof a
typical SCOPfamily. We repeatedtheexperimenta mil-
lion times,anddid not ®nd a single recurringstructure
motif. Limited by theavailablecomputationalresources,
we did not testthesystemfurther;however, we arecon-
vinced that the chanceof observinga randomstructure
motif in our systemis rathersmall.

6. CONCLUSION
We presenta methodto identify recurringstructuremo-
tifs in a proteinfamily with high statisticalsigni®cance.
This methodwas appliedto selectedSCOPfamilies to
demonstrateits applicability to ®nding biologically sig-
ni®cant motifs with statistical signi®cance. In future
studies,we will apply this approachto all families in
SCOPaswell asfrom otherclassi®cationsystemssuch
asGeneOntologyandEnzymeClassi®cation.Theaccu-
mulationof all signi®cantmotifs characteristicof known
proteinfunctionalandstructuralfamilieswill aid protein
structuresresultingfrom structuralgenomicsprojects.
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7. APPENDIX

7.1. Statistical signi�cance of
structure motifs

Any cliquesthat are frequentin a SCOPfamily are checked against
a data set of 6500 representative proteinsfrom CulledPDB 36 , se-
lectedfrom all proteinsin the ProteinDataBank. For eachclique c,
we usedUllman's subgraphisomorphismalgorithm 34 to searchfor
its occurrence(s)andrecordthe searchresult in an occurrencevector
V = v1 ; v2 ; : : : ; vn , wherevi is 1 if c occursin the proteinpi , and
0, otherwise.Suchcliquesarereferredto asstructuremotifs. We de-
terminethe statisticalsigni�cance of a structuremotif by computing
therelatedP -value,de�ned by ahyper-geometricdistribution 5 . There
arethreeparametersin ourstatisticalsigni�canceformula: acollection
of representative proteinsM , which standsfor all known structuresin
PDB;asubsetof proteinsT � M in whichastructuremotif m occurs,
a subsetof proteinsF � M standsfor the family we would like to
establishthestatisticalsigni�cance. Theprobabilityof observinga set
of motif m containingproteinsK = F \ T with sizeat leastk is given
by thefollowing formula:

P� value = 1 �
k � 1

�

i =0

� j F j
i �

� j M j�j F j
j T j� i �

� j M j
j T j �

: (1)

wherejX j is thecardinalityof a setX . For example,if a motif m oc-
cursin every memberof a family F andin no proteinsoutsideF (i.e.
K = F = T ) for a large family F , we would estimatethat this motif
is speci�cally associatedwith the family; thestatisticalsigni�canceof
suchcaseis measuredby a P� value closeto zero.

We adopttheBonferronicorrectionfor multiple independenthy-
potheses27 : 0:001=jCj, wherejCj is thesetof categories,is usedas
thedefault thresholdto measurethesigni�canceof the P -valueof in-
dividual test.Sincethetotal numberof SCOPfamiliesis 2327,a good
startingpointof P -valueupperboundis 10� 7 .

7.2. Backgr ound frequenc y
Using the culledpdblist (http://www.fccc.edu/research/labs/dunbrack/
pisces/culledpdb.html) as discussedin Section5.1, we obtain around
6000proteinsastheªrepresentative proteinsºin PDB.Wetreatthepro-
teinsasa samplefrom PDB andfor eachmotif, we estimateits back-
groundfrequency (thenumberof occurrencesin proteins)usinggraph
matching.Speci�cally, eachsampleproteinis transformedto its graph
representationusingtheprocedureoutlinein Section3 andweusesub-
graphisomorphismtestingto obtain the total numberof proteinsthe
motif occursin.


